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Abstract 
The need to reduce the cost of components is driving more and more machine 
elements to operate under mixed lubrication conditions. With higher operating 
pressures, the lubricant film is becoming thinner and eventually reaches nanometre 
scales, comparable to the surface roughness. Thus, understanding the mixed 
lubrication phenomenon is becoming increasingly important. However, the mixed 
lubrication phenomenon is difficult to capture experimentally and the lubricant 
additive ZDDP (Zinc Dialkyl Dithio Phosphate) shows its full antiwear character in 
the mixed lubrication conditions. This research stems from the need for models that 
can simulate contact mechanics, lubrication and tribochemistry in a single framework. 
This is the key to understanding and optimizing the lubrication systems to meet future 
needs. 
To this end, a numerically efficient procedure based upon the tridiagonal solution of 
the Reynolds equation is developed and is implemented, in Fortran to solve the 
equations line by line to incorporate more information from the current iteration step. 
The asperity contacts are handled by the unified solution algorithm. A new strategy 
to simulate plastic deformation in a lubricated contact is developed. 
Under practical loading conditions, the pressures inside the contact can reach values 
far above the material yielding limit. Thus, an efficient numerical scheme is devised 
to include the elastic perfectly plastic behaviour in the EHL solution procedure to 
simulate realistic contact conditions with minimal increase in computational cost.  
The Boussinesq deformation integrals  result in a convolution of pressure and the 
deformation which is solved using Fast Fourier Transforms (FFTs) by modifying the 
solution domain to create a cyclic convolution. Code is developed to allow exploration 
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of the highly optimized C-based library (www.fftw.org). The use of FFTs speeds up 
the solution process many times and makes the use of denser grids and larger time 
scales accessible. 
A mesh size of 129 x 129 is found to give reasonable results. The simulation results 
from the current study agree very well with the previously published results. The 
evolution of contact area ratio and the central film thickness exhibit a Stribeck type 
behaviour and the transition speeds at which the contact transits from EHL to mixed 
and from mixed to complete boundary lubrication can be precisely identified.  
Existing tribofilm growth models developed for boundary lubrication are reviewed 
and a model based on the interface thermodynamics is adapted and integrated with 
the mixed lubrication model to simulate tribochemistry. The problems with existing 
EHL concepts such as 𝜆 ratio and central film thickness are identified and new 
definitions are proposed to allow understanding of the mixed lubrication mechanics. 
The mutual interaction between the tribofilm growth and lubricant film formation is 
studied. Finally the wear of the tribological system is studied and the wear track 
profiles are predicted.  
The new model is then applied to study a ball-on-disc system to explore wear, 
tribochemistry and roughness evolution.  The ZDDP tribofilm growth is studied and 
the it is found that the final ZDDP tribofilm thickness is very weakly affected by 
increasing SRR but the rate of formation and removal are strongly affected by the 
SRR value. The tribofilm growth results are validated against published numerical 
and experimental results. It is found that the antiwear action of the ZDDP tribofilm is 
not only due to its chemical action but the ZDDP tribofilm helps to entrain more 
lubricant and improves contact performance. The presence of tribofilm roughens the 
contact and the contact area and load ratio both increase due to tribofilm growth. It 
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was also found that the use of conventional EHL parameters to analyse the behaviour 
of tribosystem is misleading. The flattening of the roughness inside the contact and 
the proper identification of the central film thickness are crucial to the interpretation 
of the mixed lubrication results. The roughness of the ball generally decreases due to 
wear but the presence of tribofilm limits this reduction. Contrary to this, the surface 
roughness of the ball generally increases due to wear but the presence of tribofilm 
results in increased roughness of the ball.   
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Chapter 1  
Introduction and Outline 
This chapter starts with a general introduction about tribology and tribochemistry in 
view of the scope of the thesis. Then a brief account of motivation for this research 
and the potential impact of this work are given. This is followed by an outline of the 
objectives and structure of the thesis. 
1.1 Introduction 
 The science of interacting surfaces is called tribology, meaning science of rubbing. 
The most general divisions of tribology are wear, friction and lubrication. Wear is the 
damage that occurs to either one or both of the interacting surfaces due to the 
tribological loads. This damage ultimately leads to component failure and all 
tribological designs require this damage to be minimum. Friction is omnipresent in 
contacting surfaces in relative motion, and can be constructive or destructive 
depending upon the application. Design of components requires control over friction. 
Lubrication helps to control both friction and wear; the process of lubrication greatly 
reduces friction and wear and prolongs the life of components. Common lubricants 
consist of a base oil and certain additives that interact with the surface under extreme 
conditions to control / reduce friction, wear and seizure. The presence of these 
additives makes the system much more complex and the effect of rubbing on these 
chemical interactions requires detailed information at the interface. The subject of 
this thesis is the modelling of these interactions for the lubricated contact. 
The use of lubrication dates back to the age of the Pyramids where lubricant was 
applied to transport heavy blocks but it took quite long for understanding of the 
physics of lubrication and film build-up to be established. The hydrodynamic pressure 
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generation was explained first by Osborne Reynolds in the late 19th century [1]. He 
simplified the Navier-Stokes equations by using a thin film approximation and came 
up with the famous Reynolds equation that is widely used in lubrication analysis 
today. 
The lubrication behaviour in a tribosystem can be categorized as one of five types: 
hydrodynamic lubrication (HL), hydrostatic lubrication (HS), elastohydrodynamic 
lubrication (EHL), mixed lubrication (ML), or boundary lubrication (BL). 
Hydrodynamic lubrication is the main mode of lubrication in conformal contacts 
(greater geometrical conformity and larger load carrying area) e.g. thrust bearings, 
journal bearings etc. Here the lubricant supplies the pressure to hold the load by 
forming a viscous film due to relative movement of the tribopair with no elastic 
deformation of the surfaces. These are low load applications where the lubricant film 
thickness stays above 1 µm generally while operating pressures remain below 10 Mpa 
[2]. In contrast, hydrostatic lubrication is characterized by active generation of 
pressure by an external source rather than relying on the relative movement of 
surfaces. 
If the contact is non-conformal (less geometrical conformity – small load carrying 
area), very small areas are supporting very high loads. The corresponding mode of 
lubrication changes from hydrodynamic to EHL. Figure 1-1: A schematic 
representation of conformal and non-conformal contact cases. (a) conformal contact. 
(b) non-conformal / counter-conformal contact. This regime of lubrication is 
characterized by significant elastic deformation (and possible plastic deformation) of 
the contacting solids. The load carrying capacity increases several orders of 
magnitude, on the order of giga Pascal and typical lubricant film thickness is less than 
a micrometre. Rolling element bearings, cams and gears all operate in the EHL 
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regime. Figure 1-1 gives a schematic representation to identify conformal and non-
conformal contacts. 
 
 
Figure 1-1: A schematic representation of conformal and non-conformal contact 
cases. (a) conformal contact. (b) non-conformal / counter-conformal contact. 
With further increase in applied load and/or reduction of speed, the lubricant film 
becomes significantly thinner than the roughness of the corresponding surfaces. The 
result is the formation of distinct solid contact patches which start carrying a portion 
of the load while the rest is still carried by the lubricant. If the load sharing between 
these solid contact spots and the lubricant is roughly less than 85 % and greater than 
0 % (no asperity contact), the regime of lubrication is termed as ML. Modelling the 
mixed lubrication regime is a challenging task. 
If the load sharing is increased further by a reduction in speed or the increase in load 
etc. to greater than 85 %, the lubrication regime transits into boundary lubrication 
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where the load is mainly carried by the asperity contact spots and this governs the 
contact behaviour. Various lubrication regimes have been identified on a typical 
Stribeck curve shown in Figure 1-2. 
 
Figure 1-2: A schematic representation of various lubrication regimes. The curve 
shows friction behaviour with change in specific film thickness. Symbol definitions: 
µ = friction coefficient, η = lubricant viscosity, U = mean speed of lubricant and P is 
the pressure inside the contact. 
Tribology is a highly interdisciplinary science, including but not limited to, 
mechanical engineering, chemistry, biomedical, physics etc. The tribo-contact 
involves complex phenomena such as high contact stresses accompanied with thermal 
effects. The situation is worsened by the chemical interactions taking place at the 
interface. The complex geometrical interfaces are shown in Figure 1-3 for a typical 
ball bearing. Environmental effects i.e. the lubricant itself, humidity and ambient air 
further complicate the process [3]. 
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A lubricant performs different functions during different operating conditions. At 
higher speeds, it reduces friction and wear by forming a continuous layer of lubricant 
to keep the surfaces apart. At lower speeds, it forms a chemically adsorbed / reacted 
layer on the solid surfaces to protect against excessive wear and control friction and 
seizure. To do this, the lubricant contains an additive package in addition to the base 
oil. The contents of the package are mainly active under extreme pressure conditions. 
Its most important constituents are extreme pressure (EP) additives, antioxidants, 
antiwear (AW) additives to mitigate wear, and friction modifiers (FM), viscosity 
index (VI) improvers to maintain viscosity over the operating temperature range. 
Tribochemistry deals with chemical and physiochemical changes of matter caused by 
mechanical action [4]. Tribocorrosion is considered to be caused by water 
contaminated oil systems and/or, under harsh environments (high temperatures, high 
pH etc.), due to the degradation of oil [5]. Tribocorrosion is a subgroup of 
tribochemical processes. Hence, the operation and functionality of the lubricant 
additives is a tribochemical process. Various reactions occur at the contact interface 
and mechanical action affects these reactions. The simplest mechano-chemical action 
alters only the rate of chemical reaction. In the more complex cases, the path of 
reaction is affected as well. Tribochemistry involves both the tribochemical changes 
in the lubricant and the tribochemical reactions transforming the sliding surfaces.  
ZDDP (Zinc dialkyldithiophosphate) is the most extensively used AW additive, 
mainly due to its low cost and versatile functionality. Historically, ZDDP was 
introduced as an antioxidant [6, 7]. But it was soon discovered that it is also a very 
good AW agent. There are several proposals about the decomposition and action of 
ZDDP but these are beyond the scope of this thesis and readers are referred to detailed 
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reviews [8]. Some details of these mechanisms will follow in chapter 2 where the 
literature on ZDDP is reviewed. 
 
Figure 1-3:  A simplified illustration of the components of a typical ball bearing. All 
modes of lubrication are active during its operation [9]. 
In summary, the topic of this study is to model the tribochemical aspects of 
lubrication. It is achieved in two steps: first, developing a mixed lubrication model 
that is robust enough to simulate the entire speed range (very high to almost zero), 
second, the development and implementation of a tribofilm growth model to simulate 
real time chemical changes occurring due to mechanical stimuli and simulate its effect 
on the macroscopic properties: friction and wear. This is the first mixed lubrication 
model that incorporates tribochemistry. The challenge undertaken in this study is to 
capture not all but some key aspects of the problem that are still poorly understood. 
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1.2 Motivation 
Industrial applications of lubricated components are posing more severe conditions of 
operation resulting in lesser quantity of lubricant to use, severe temperature operation, 
and thinner lubricant films. The trends in machine downsizing, increased loading and 
better sealing performance are ultimately leading towards thinner lubricant films and 
components are prone to direct solid-solid interaction resulting in loss of energy 
inefficiency [10, 11]. Lubrication analysis is incomplete without proper consideration 
of topography as it is the topography that defines how and when surface contacts will 
occur. As mentioned before, most technologically important components operate in 
the near EHL or mixed lubrication regime and the load is generally shared between 
the solid and lubricated regions [12]. Such contacts are counterformal in nature and 
the lubricant film thickness is usually of the same order as the surface roughness, 
sometimes of molecular dimensions. To illustrate this reduction in film thickness, 
Figure 1-4 presents this progressive shrinking of the lubricant film thickness in  
bearings [13]. Analysing component performance and lives under such conditions 
requires a mixed lubrication model that is robust enough to handle such small films 
and can smoothly transit between different lubrication regimes. Moreover, handling 
the very small thicknesses of the order of nanometers means that the mixed lubrication 
model should also consider the tribochemical changes occurring at the interface. 
The mixed lubrication regime is a rather difficult phenomenon to understand, observe 
and model. ML is experimentally challenging to quantify. The presence of surface 
roughness and the dynamic movement of surfaces result in momentary changes in the 
contact zone which are difficult to capture. Moreover, it is not possible to accurately 
measure the variables that quantify the ML regime. 
- 9 - 
 
Figure 1-4: Reduction in lubricant film thickness in bearings [13]. 
Most of the experimental techniques that work efficiently for the hydrodynamic 
lubrication regime; like capacitance [14], electrical methods [15], X-rays [16] etc., do 
not give satisfactory results when put to test under the mixed lubrication. The main 
reason is that the ability of these techniques to handle asperity-asperity contact due to 
roughness is still a question.  Optical interferometry methods also fail due to the same 
reason, since samples should be super smooth and have ample light reflection. The 
resolution for the optical methods for measuring very small thicknesses is also a big 
challenge when dealing with rough surfaces [17]. The new techniques like the 
ultrasonic measurements [18] and acoustic emission [19] measurements are still in the 
phase of development, although significant success has been achieved in film 
thickness measurement with these techniques. 
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Modelling the mixed lubrication phenomenon is by itself a big challenge. This can be 
attributed to various difficulties; the elastic deformations of surfaces and the high 
pressure rheology of the fluid result in strong non-linear effects, the simultaneous 
modelling of the fluid and asperity contacts etc. From the computational point of view, 
the refined grid sizes limit the deterministic mixed lubrication models to only 
counterformal contacts [17, 20]. The coexistence of fluid and solid contact parts in the 
same contact makes the algorithm complex as the boundaries between these 
complimentary regions are time dependent and uneven. 
The physics underlying the mixed lubrication phenomenon is complex and 
multidisciplinary. It has full film lubrication on one extreme, which has been quite 
well established and characterized, while boundary lubrication on the other extreme. 
So, in principle, a good understanding of the mixed lubrication requires a good 
understanding of both these extreme cases. This is where the mixed lubrication models 
have to overcome another challenge as the boundary lubrication phenomenon is still 
evolving and in the early stages of understanding. The processes occurring in the 
mixed lubrication are expected to be happening at the nano-scale where the 
boundaries between typical engineering subjects are vague. 
Tribology is a complex science considering friction, lubrication and wear in a single 
formalism. Even after a century of understanding of the wear phenomenon, and 
myriad of wear laws available, we cannot have a consensus on a single generalized 
wear law. Thus, wear is a complex phenomenon on its own [21]. With increasing 
temperatures and harsh environments, the wear process is further complicated by the 
surface chemical interactions. These interactions are caused by the tribological action 
and thus are called tribochemical interactions and should be considered in tribological 
models.  
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The lubricant is formulated with the intention to keep friction and wear in control 
under extreme pressure conditions by adding AW, FM and EP additives. These 
additives become active under extreme pressure and deposit protective and functional 
layers. The friction energy can increase the rate of chemical reactions. This change in 
the rate can manifest itself in terms of wear. Either the wear rate (might increase or 
decrease) or the wear mechanism or both can change during this tribochemical action. 
The mechanisms behind this change are fairly unclear due to the complex nature of 
the phenomenon. 
ZDDP is one of the most studied lubricant additives. It possesses multifunctional 
properties. It is not only a good AW additive but also possesses good antioxidation 
ability and can also give EP performance to some extent. Although it is used in several 
industries, its main use is in engine oils. Engine oils constitute half of the lubricants 
used in the world. Due to its environmental hazards, an alternative to ZDDP with 
similar or better antiwear properties is required. But it is not easy to find this 
alternative due to the lower cost and effectiveness of ZDDP. But due to environmental 
legislations becoming stricter, it will eventually be fully or partially replaced. The 
performance mechanisms of ZDDP are still quite unclear and it is due to this reason 
that a lot of research is still in ongoing. 
There have been very few attempts to model tribochemical effects in lubrication. The 
approaches adopted are either not on the realistic scale or do not include the effect of 
lubricant and lubrication in the tribosystem. There are only very few works on 
modelling tribochemistry and all are for boundary lubrication conditions with no 
effect of lubrication [22, 23]. A mixed lubrication model with tribochemistry was 
given very recently by Brizmer et. Al. [24] with a focus on modelling the micropitting 
performance. Their model does not update the geometry with tribofilm  growth and is 
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based upon a Semi-Analytical mixed lubrication model. This study aims to formulate 
such a framework for lubricated contacts. It is expected to add to and complement the 
existing knowledge and understanding of the functionality of ZDDP. More 
importantly, the framework developed will give a starting point for further research 
and will be generally applicable to the design and analysis of other lubricant additives 
as well. 
In summary, all mixed lubrication models currently available only model the 
mechanical aspects while the available models that consider interfacial chemistry are 
all for boundary lubrication. There is a strong need to develop mixed lubrication 
models that consider interfacial chemistry [20] as this is the regime where ZDDP 
actually shows its AW character [25]. Thus, this study sets out to develop a mixed 
lubrication framework that can simulate tribological parameters (contact pressure, 
temperature and film thickness etc.) as well as tribochemical parameters (tribofilm 
growth and tribochemical wear) and their mutual interaction. A model that can 
simulate the interfacial chemistry through all lubrication regimes (full film EHL to 
mixed to boundary) is definitely the need of the time in tribological research.     
1.3 Impact 
The mixed lubrication regime is critically important due to three main reasons. First 
of all, there is growing need in industry to downsize the components and to operate 
components at ever higher loads. This leads to mixed lubricated systems where the 
lubricant only carries partial load. Second, during the start-up and slow down of 
components, this condition occurs almost inevitably and unavoidably. Third, from the 
biomedical industry, the wear of Total Hip Replacements (THRs) is expected to occur 
mainly in this regime [26]. From the contact mechanics point of view, the mixed 
lubrication regime is critical in bridging the full film and boundary lubrication regimes 
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by defining the mode of transition [17] and in determining the surface failure modes.  
So, in-depth understanding of the process of mixed lubrication will have crucial 
impact in developing better understanding and predicting the performance of 
engineering components like gears, bearings, seals and biomedical implants etc. 
 
Figure 1-5: Example of a retrieved total hip implant showing signs of mechanically 
assisted corrosion [27]. 
Tribochemistry is not only important in the field of lubrication for design and 
formulation of lubricant additives but it is equally important during the fretting wear 
of bolted connections, mild wear of metals, mechanoactivation of reactions in 
industrial processing, and performance of seals in rotating components etc. [28]. 
Figure 1-5 shows an example of mechanically enhanced damage at the contacting 
interfaces on various parts of a retrieved hip implant. Failures in such cases are highly 
undesirable as re-surgery brings along many complications, the intergrowth of bone 
in the metal being one of these. Therefore, there is a constant need to improve the 
design of hip implants so that they last longer and without complications. 
The impetus for the development of tribochemistry research comes mainly from 
biomedical implant, power generation, marine diesel engines and offshore industries 
and the green energy systems like tidal, wind and wave energy conversion systems. 
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Figure 1-6: Enhanced damage at the rubbing interfaces of a ship anchor chain. These 
regions undergo maximum wear and limit the life of these components. 
The offshore metallic installations are the most susceptible to these mechano-
chemical processes as shown in Figure 1-6. This is because the humid and corrosive 
environment cannot be avoided and it is due to this reason that these systems undergo 
frequent failures sometimes without warning. Understanding the effect of friction on 
these chemical changes will improve our design practices and increase reliability of 
these systems by predicting failure mechanisms and lifetimes.  
So this research has big implications towards both industry and healthcare. 
1.4 Objectives 
The current shift in interest from purely mechanical aspects of contact to gaining an 
in depth understanding of the processes at the interface is obvious from the above 
discussion. The field is highly interdisciplinary and evolving. This complexity and the 
gap in literature to fill this paradigm shift from mechanical to interfacial aspects is 
huge. The main objectives set out in this study are: 
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1. Development of a mixed lubrication framework to simulate the entire 
transition from full film to boundary lubrication 
2. Development of a framework to simulate tribochemical interactions under 
mixed lubrication conditions  
3. Development of a framework to simulate wear for the chemically active ML 
system. 
4. Model the effects of tribochemical layer on the mixed lubrication 
phenomenon. 
1.5 Thesis Structure 
The thesis is divided into three parts. The first part is named introduction and 
background and gives the general literature review to the mixed lubrication and 
tribochemistry modelling as two chapters. The second part gives first set of results. 
This part is named as model development and numerical algorithm improvements. It 
has been divided into two chapters. First the mixed lubrication model development is 
presented then the plastoelastohydrodynamic lubrication analysis is given. All key 
numerical details about the mixed lubrication model development and the integration 
of plastic behaviour are given. The third part is named the model application section 
and contains three chapters. In this part, the tribofilm growth model integration into 
the mixed lubrication model is presented first along with the tribofilm growth results. 
Then the interfacial mechanics in a tribochemically activated mixed lubrication model 
is analysed by comparing the evolution of key lubrication parameters with time. The 
model is tested to produce roughness evolution and wear measurements. The last 
chapter, Chapter 8 presents thesis conclusion and future directions. 
Following a general introduction and background to the problem in Chapter 1, the 
Chapter 2 gives detailed background and literature review to the problem. The first 
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half of Chapter 2 reviews the literature on mixed lubrication after presenting the EHL 
equations. The second half of the chapter reviews the literature on tribochemistry. 
Special emphasis is given to review the modelling of tribochemistry of the antiwear 
additive ZDDP in the contact mechanics and lubrication models. 
The mixed lubrication model with all the numerical details is presented in Chapter 3. 
This chapter also contains a section on the implementation of fftw library1 in Fortran 
programming to compute the convolution by implementing the FFT2 method for 
solving the deformation integrals. The plastic deformation model is developed and 
implemented into the mixed lubrication model to get a PlastoElastoHydrodynamic 
Lubrication (PEHL) mode and the details of this model are presented in Chapter 4. 
The PEHL model can handle plastic deformation induced by either lubricant or 
asperity interaction pressures. These two chapters together constitute part-II of the 
thesis on model development and numerical algorithm improvement. 
The last part, part-III consists of three chapters. In Chapter 5, the framework for 
modelling the growth of tribochemical reaction layers is developed and 
implementation details given. The driving factors for ZDDP tribofilm growth are 
discussed and the modelling efforts analysed. This chapter presents results for the 
tribofilm growth in lubricated contacts. In Chapter 6 the mutual interaction between 
the lubrication film formation and the tribofilm growth is studied and the results for 
the effect of tribofilm growth on the mixed lubrication performance are given by 
studying the evolution of lubrication parameters under tribochemically active 
                                                 
1 http://www.fftw.org/ 
2 Fast Fourier Transforms 
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lubrication conditions. The last chapter in part-II is Chapter 7 in which the general 
behaviour of the contact is studied by applying the developed model to reproduce 
experimental observations on wear. The ability of the present model to capture the 
wear track profile (width, depth and topography) is assessed. 
Chapter 8 marks the end of this thesis by giving the conclusion and  some future 
improvements that can be  implemented  to enhance the capabilities of the model are 
given.
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Chapter 2  
Theory and Background 
This chapter presents the theory of mixed lubrication (ML). Due to the very nature of 
mixed lubrication, it cannot be separated from EHL. The theory of rough surface 
elastohydrodynamic lubrication (EHL) is actually applicable and discussed first in 
section 2.3.1. Then the historical account of how roughness started to appear as a 
critical parameter controlling the EHL characteristics to actually having a mixed 
contact (individual fluid and solid contact spots) is presented and discussed in section 
2.3.2.  
Then in section 2.4 the current literature about the importance and effect of 
tribochemistry in lubrication analysis is reviewed with emphasis on the antiwear 
additive ZDDP. An account of the modelling attempts in tribochemistry is given. The 
literature suggests a huge gap in modelling tribochemical / tribocorrosive interactions 
in mixed lubrication as only very few modelling studies have been done and these are 
limited to boundary lubrication and have only appeared very recently.  
2.1 Elastohydrodynamic lubrication 
The lubricated contact between two rough surfaces is characterized as EHL if the 
roughness has only the effect in modifying the pressure profile and film thickness as 
a result of increased fluid density and viscosity and the bulk deformation of solids but 
there is no direct solid to solid contact. The Elastohydrodynamic lubrication occurs, 
generally, in lubricated non-conformal contacts. Such contacts occur in rolling 
element bearings, cams, gears, tappets, etc. To illustrate the scales of parameters 
involved, Figure 2-1 shows the contact area drawn on an A4 paper to give an estimate 
of comparative magnitude of lubricant film thicknesses involved. The lubricant film 
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thickness is of the In such small contact area, the lubricant pressures can be high 
enough to easily cause elastic deformation of the contacting solids. In fact, the 
lubricant viscosity increase with pressure is so severe that the lubricant under very 
high pressure, theoretically behaves like a solid.  
The EHL problem is defined by the Reynolds equation (a differential equation), the 
elasticity equation (an integral equation) and the load balance equation, and two 
equations of state relating the fluid viscosity and density to pressure. The solution to 
this problem gives the pressure profile and the film thickness distribution inside the 
contact [29]. 
 
Figure 2-1: (a) A schematic representation of tribological contact between a flat disc 
and ball. (b) Enlarged view of contact zone. If this is scaled onto an A4 paper then the 
thickness of the paper gives an estimate of the lubricant film thickness 
The EHL equation set has a strong non-linear behaviour which makes it unstable 
during numerical solution. There are two causes to this non-linearity: the Reynolds 
coefficients are functions of pressure due to density and viscosity being functions of 
pressure and the cavitation condition is imposed on the solution. The instability is 
Flat 
Ball 
(a) (b) 
Enlarged view of contact zone 
A4 paper 
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mainly linked to the Reynolds coefficients becoming too small at high pressures due 
to highly increased viscosity and very small film thicknesses and the loss of coupling 
in the transverse direction. The convergence of the Reynolds equation with a simple 
forward iteration procedure is very slow and various methods have been proposed to 
improve its solution convergence [20]. This makes the numerical solution of EHL 
equation system very complicated. 
The mixed lubrication regime lies in-between the Elastohydrodynamic (EHL) 
lubrication and the boundary lubrication (BL) regime. In this thesis mixed lubrication 
is considered as rough surface EHL with actual asperity-asperity contacts. It is not 
possible to separate mixed lubrication from EHL. The following section outlines the 
Elastohydrodynamic lubrication problem. The same equation set is applicable to ML 
solution but the solver needs to be robust enough to handle asperity-asperity contacts. 
A mixed lubrication solver should in essence converge to EHL on one extreme and 
boundary lubrication / dry contact on the other extreme. 
2.2 Transient EHL equation set 
The transient EHL equations have a time derivative of film thickness in the Reynolds 
equation. The EHL problem in principle is defined by the Reynolds equation, the film 
thickness equation and the load balance equation. The Reynolds equation contains 
viscosity and density which are functions of pressure. So the addition of two equations 
of state (𝜂 =  𝜂(𝑝) and 𝜌 =  𝜌(𝑝)) makes the system complete. The complete EHL 
solution set is described now. The various parameters involved in defining these 
equations can be identified in Figure 2-2. 
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2.2.1 Reynolds equation 
The application of thin film approximation to the actual Navier-Stokes equations gives 
Reynolds equation [1]. 
𝜕
𝜕𝑥
(
𝜌ℎ3
12𝜂
𝜕𝑃
𝜕𝑥
) +
𝜕
𝜕𝑦
(
𝜌ℎ3
12𝜂
𝜕𝑃
𝜕𝑦
) − 𝑈𝑟
𝜕(𝜌ℎ)
𝜕𝑥
−
𝜕(𝜌ℎ)
𝜕𝑡
= 0  (2-1) 
In this equation, x and y are the coordinate axes directions. The x-axis is normally 
aligned with the flow direction to simplify calculations. The term 𝜌 =  𝜌(𝑝) gives the 
density of fluid, ℎ is the film thickness, 𝜂 =  𝜂(𝑝) is the viscosity of the fluid, 𝑃 gives 
the fluid pressure and 𝑈𝑟 is the entrainment velocity (average speed of the contact 
pair) of the fluid. 
 
Figure 2-2: EHL contact configuration outlining the key parameters in the 
mathematical model. 
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The Reynolds equation (2-1) has three main terms and it is important to know the 
meaning of each term. The first two terms define the pressure flow and are called the 
Poiseuille flow terms. The third term in the Reynolds equation is the wedge flow / 
shear flow term. These are called Couette flow terms. The fourth term gives the 
transient flow of the fluid and is called squeeze flow term. The shear flow and the 
transient together define the entrainment flow. Thus, the Reynolds equation is 
essentially based upon two types of flows: the pressure flow and the entrainment 
flow. 
2.2.2 Film thickness equation 
The film thickness equation (2-2) is solved to update the film thickness values every 
time the Reynolds equation is used to update pressures. All the parameters defining 
the gap between the surfaces are included in the film thickness equation to define the 
problem (see Figure 2-2). The film thickness equation is given below. 
ℎ(𝑥, 𝑦) = ℎ𝑜 +
𝑥2
2𝑅𝑥
+
𝑦2
2𝑅𝑦
+
2
𝜋𝐸′
∫ ∫
𝑝(𝑥′,𝑦′)
√(𝑥−𝑥′)2+(𝑦−𝑦′)2
𝑑𝑥′𝑑𝑦′ − 𝑅(𝑥, 𝑦)
+∞
−∞
+∞
−∞
  (2-2) 
In this equation, ℎ𝑜 gives the undeformed gap, 𝑅𝑥 and 𝑅𝑦 define the radius of 
curvature in the x and y direction (𝑅𝑥 = 𝑅𝑦 in a circular contact), 𝑝 is the pressure, the 
term 𝑅(𝑥, 𝑦) is the roughness (microgeometry) of the surface and the term 𝐸′ is the 
combined elastic modulus defined as 
2
𝐸′
= (
1−𝜈1
2
𝐸1
+
1−𝜈2
2
𝐸2
). 
2.2.3 Load balance equation 
The load balance equation (2-3) ensures that the iterating pressures converge to 
realistic values that are in equilibrium with the applied load. This equation states that 
the sum of all the pressures should be equal to the applied load and is given below. 
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𝑊 = ∫ ∫ 𝑝(𝑥′, 𝑦′)𝑑𝑥′𝑑𝑦′
+∞
−∞
+∞
−∞
  (2-3) 
In this equation, 𝑊 is the applied load and 𝑝(𝑥′, 𝑦′) is the pressure within the contact. 
The pressure is summed over the complete solution domain and compared against the 
applied load to ensure that the calculated pressures are the true pressures.  
2.2.4 Pressure-viscosity equation 
The viscosity is a function of pressure and temperature. In this thesis, temperature 
dependence has been excluded. The pressure-viscosity dependence can be described 
by equation (2-4) and equation (2-5).  
The Barus equation 
𝜂(𝑝) = 𝜂𝑜𝑒
𝛼𝑝  (2-4) 
The Roelands equation 
𝜂(𝑝) = 𝜂𝑜𝑒
((ln(𝜂𝑜)+9.67) −1+(1+
𝑝
𝑝𝑜
)
𝑧
 )
  (2-5) 
In the above equations, 𝜂 is the viscosity, 𝜂𝑜 is the reference viscosity and is a fixed 
value and 𝑝𝑜 is the reference pressure. Roelands [30] has given their values 𝜂𝑜 =
6.315𝑥10−5 Pa.s and 𝑝𝑜 = 1.98𝑥10
8 Pa. 
The Roelands equation is more accurate as it captures the true physics by limiting the 
viscosity increase as shown in Figure 2-3. Barus law on the other hand is not suitable 
to use at very high pressures. 
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Figure 2-3: A comparison of the two laws for the pressure dependence of fluid 
viscosity. The Roelands equation gives more accurate representation of the EHL 
phenomenon [29].  
2.2.5 The density pressure equation 
The density-pressure relationship is given by an empirical relationship given by 
Dowson and Higginson [31] (see equation (2-6)). The increase in density is not similar 
to the changes in viscosity with pressure. The density increase has been observed to 
be limited to an asymptotic value with increase in pressure as seen in Figure 2-4. 
𝜌(𝑝) = 𝜌𝑜
5.9𝑥108+1.34𝑝
5.9𝑥08+𝑝
  (2-6) 
In this equation, 𝜌 is the density of fluid and 𝜌𝑜 is the atmospheric density of the fluid 
and the number 5.9𝑥108 is the reference pressure in Pascal. This equation is very 
important to describe the EHL pressure spike and affects the central film thickness. 
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Figure 2-4: The increase in density with pressure. The density increase is limited to a 
value of 1.34𝜌𝑜 [29]. 
The EHL pressure spike and downstream flow constriction (towards the exit) are the 
key characteristics identifying an EHL pressure and film thickness profile, 
respectively. In non-conformal contacts, due to very high pressures inside the contact 
and ambient pressures outside the contact zone, the fluid undergoes rapid expansion. 
This expansion may lead to flow cavitation as well. Thus, the area of flow decreases 
towards the exit region of contact to ensure flow continuity.  
Petrusevich was the first to observe this phenomenon correctly by simulating EHL 
equations, hence, the pressure spike is also termed as Petrusevich spike. The ground-
breaking results for the EHL pressure spike produced by Petrusevich are shown in 
Figure 2-5. 
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Figure 2-5: Pioneering results from Petrusevich et al. [32]. The momentary increase 
in pressure (spike) and decrease in film thickness (constriction) can be observed 
clearly towards the exit of contact. 
2.3 Mixed Lubrication Modelling 
In this section the goal is to review the state of the art in mixed lubrication modelling. 
The mixed lubrication models were developed as an extension to the micro-EHL 
models. Initial efforts were mainly to simulate the effect of roughness in EHL. This is 
better called micro-EHL / rough surface EHL. The models reviewed here are the EHL 
models with actual asperity contacts, mixed lubrication models. Figure 2-6 explains 
these lubrication models. The presence of lubricant filled and actual asperity- asperity 
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contact regions can be seen in the mixed lubrication regime. Thus, first the literature 
on micro-EHL is reviewed and then the mixed lubrication models are deeply 
reviewed. 
2.3.1 Elastohydrodynamic lubrication with roughness 
The pioneering work from Patir and Cheng [33, 34] is considered to be the first 
attempt to simulate elastohydrodynamic lubrication with rough surfaces although the 
efforts started earlier with the work of Christensen and Tonder [35, 36] by developing 
three variations of Reynolds equation to represent different roughness patterns and 
orientations. Patir and Cheng simplified these three equations to a single equation with 
generalized flow factors to consider the effect of roughness in the Reynolds equation. 
Johnson et al [37] actually extended the ideas from Christensen and Tonder to develop 
analytical formulae for central film thickness and they were able to see qualitative 
effects of roughness in modifying lubrication which was coupled with stochastic dry 
contact theory to get  one of the first mixed lubrication models by Greenwood and 
Williamson [38]. In the meantime several researchers actively worked, especially 
Tallian and coworkers [39-44]. The efforts by Elrod et al [45-47] to study artificial 
roughness patterns followed by the work from Berthe and Godet [48] all contributed 
towards improving the understanding of roughness effects. Elrod actually gave a brief 
account [49] of the existing understanding about rough EHL and mixed lubrication. 
But the key study in this era was the work of Patir and Chengs’ as it enabled the 
numerical study of the effect of roughness in mixed EHL. All this above mentioned 
work had one very big assumption that the roughness was considered non-
deformable. 
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Figure 2-6: The lubrication regimes explained [50].  
The work from Lee and Cheng [51] was one of the earliest approaches to consider 
elastic deformable roughness. They proved by performing simulations on a single 
asperity passing through an EHL conjunction that roughness actually undergoes 
significant elastic deformation. The problem now was the lack of computational 
resources to solve the full EHL problem. A breakthrough came with the development 
and application of multigrid techniques in EHL by Venner et al. [52] and Kweh et al. 
[53] and improved by Chang et al. [54, 55]. Solutions involving more realistic 
roughness started to appear [56, 57]. 
For a modelling study, the above literature makes more sense if put in the following 
perspective. Roughness in EHL can be treated either stochastically or 
deterministically. Stochastic modelling uses some key statistical quantities to describe 
the surface and relate these to lubrication. The Patir and Cheng [58] model is a classic 
example of stochastic models of rough surface EHL for line contacts. It employed the 
average flow Reynolds equations derived by Patir and Cheng [33] to simulate the 
hydrodynamic action and the load compliance relation developed by Greenwood and 
Tripp [59] to model rough surface EHL. The model was extended to point contact 
cases in 1988 by Zhu and Cheng [60, 61]. 
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Stochastic models cannot give localized details [20]. With availability and 
improvement of computational resources the trend shifted towards deterministic 
inclusion of roughness in EHL modelling. Early attempts employed simplified 
artificial roughness (sinusoidal, simple geometrical irregularities, etc.) [53, 54, 62, 
63]. Then more realistic 2-D  machined or random roughness was used by Venner  
[56] and Kweh et al. [57]. Finally complete solutions employing 3-D machined 
roughness in point contact EHL was given by Xu and Sadhegi [64] and Zhu and Ai 
[65]. None of these deterministic models could handle asperity-asperity contacts. 
Stochastic modelling is not used in this study. Stochastic models do not actually 
simulate the mixed lubrication process [66, 67] as the average effect of roughness is 
employed through flow factors in Reynolds equations. These flow factors are 
numerically using a limited number of statistical parameters and without asperity 
deformation. This leads to over approximations and system specific solutions. The 
generalization of these results is questionable as for a particular average film 
thickness, there can be various possibilities of having a rough surface contact. There 
may be no asperity contact or severe asperity contact depending upon the real time 
situation at the contact [17]. An illustration of these limitations is given in Figure 2-7. 
The figure is not drawn to scale and is solely meant to explain the limitations described 
above.  
Some of these limitations can be handled with proper asperity interference inclusion 
in stochastic models. The lambda ratio / film thickness ratio (ratio of central film 
thickness to composite roughness) is no more a simple fixed value due to 
instantaneous movement of roughness causing film thickness changes. In a single 
contact, there can be asperities that are under elastic deformation, some under plastic 
deformation while others in an intermediate state of elasto-plastic situation. 
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Figure 2-7: An illustration of the limitations of stochastic models [17] 
The variation of deformation should be included into the models if realistic 
experimental conditions are to be achieved but when the roughness is averaged in 
Reynolds equation this key aspect is missing. Some recent efforts to overcome these 
limitations have started to appear in the literature recently [68, 69]. The stochastic 
models cannot give reliable information for film thickness when the film thickness 
ratio is less than 1 [66]. 
2.3.2 Mixed Lubrication: EHL with asperity-asperity contacts 
The mixed lubrication regime is characterized by discrete asperity-asperity contacts 
occurring due to surface roughness being of the same order as the lubricant film 
thickness. There are two distinct regions that are to be handled in mixed lubrication 
analysis: the lubricated regions and the asperity-asperity contact regions and as such 
there are two distinct ways of handling them while numerically solving the ML 
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problem [20]. The first approach, the separate approach, handles the asperity contact 
regions and the lubricated regions as two distinct regions and solves the EHL 
pressures and the solid contact pressures with different physical models. The second 
approach, the unified approach, handles the lubricated regions and asperity contact 
regions in a single framework, solving the EHL and solid contact pressures at once 
through the same equation system (The Reynolds equation). 
The first study using the separate approach was presented by Chang [70] for line 
contacts with sinusoidal roughness. The first model for point contacts was presented 
by Jiang et al. [11] in 1999. They used digitized machined roughness and used the 
separate approach. The separate approach was further used by Zhao et al. [71] in 2001 
and Holmes et al [72] in 2003 to analyse ML during start up, Zhao and Sadeghi [73] 
in 2003 to ML during contact shut down and Popovichi et al. [74] in 2004 again to 
study contact start up. All these examples have clearly defined patches of lubricant 
and asperity contacts and the boundary conditions are easy to handle [20]. The unified 
solution algorithm was also presented and applied to point contact with machined 
roughness in 1999 by Zhu and Hu [75] and then by Hu and Zhu [76] in 2000. They 
applied and improved the semi-system approach developed by Ai [77] to formulate 
the model. Some later studies utilizing unified solutions algorithm were also presented 
by Holmes et al [78], and then by Li and Kahraman [79]. The unified solution 
algorithm has been extended and improved since then. Liu et al. [80, 81] improved 
the approach by investigating the effect of mesh density, differential scheme and 
viscosity model on the unified solution algorithm. Zhu [82] compared the numerical 
accuracy in thin film and mixed lubrication cases. Wang et al. [83] validated the model 
for very low speeds.  
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The separate approach is not employed in this study. The main reason being that a 
complete model to simulate the entire transition from full film through EHL down to 
mixed and boundary lubrication is required and for separate approaches, dynamic 
boundaries formed between lubricated and contact regions are very difficult to handle 
[17]. The target in this work is to simulate interface mechanics and chemistry in a 
single framework. The unified model of ML successfully bridges the field of contact 
mechanics and lubrication science by utilizing a solution algorithm where the 
Reynolds equation gives the dry contact pressures as well. The dry contact is the state 
when there is no hydrodynamic lubricant film present between the contacting bodies. 
But the hydrodynamic film is still a continuum which imposes a limitation that the 
atomic and molecular level events cannot be captured [20]. 
This challenge has been undertaken in this study and a framework is developed to 
extend the unified mixed lubrication model to incorporate the tribochemistry of 
ZDDP. In the following section, the tribochemistry is reviewed in general. Specific 
emphasis is given to the tribochemistry of ZDDP and the modelling studies to include 
tribochemical information in the lubrication models. 
2.4 The  antiwear additive ZDDP 
In this section the current state of knowledge regarding the understanding of the 
functionality of ZDDP is assessed. The ZDDP additive can act as a corrosion and 
oxidation inhibitor as well  but here only the antiwear character is considered and 
reviewed. The limitations and gaps in literature are emphasised. 
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Figure 2-8: The structure and mechanical properties of the ZDDP antiwear tribofilm. 
The scale on the y-axis gives the representative thickness of each layer within the 
complete film [84]. (a) shows the complete anti-wear tribofilm formed by the action 
of a simple ZDTP molecule. (b) the same film after washing with a solvent. 
Even after 70 years since its introduction into the lubrication industry, the antiwear 
additive zinc dithiophosphate (ZDDP) is still the most successful lubricant additive 
devised [85]. It is an essential element in engine oils. The structure of the tribofilm 
formed by ZDDP is shown in Figure 2-8 where the comparative scale of the key 
constituents is suggested to be the source of its antiwear performance. There has been 
extensive research going on to discover the remarkable functionality of this additive. 
On the other hand, the use of ZDDP has been restricted due to the presence of 
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phosphorous which harms the modern exhaust emission control technologies. The use 
of ZDDP is thus restricted and it is expected that one day it will be replaced by the 
phosphorous free compounds. There is still no alternative to the use of ZDDP as 
antiwear additive. Even after extensive research, no complete alternative is found that 
gives the same performance, as ZDDP at similar cost [86].  
The versatile environments in which ZDDP operates is also remarkable. The 
functionality of ZDDP has been very actively explored since its discovery [87, 88]. 
The reasons behind this versatility of operation and ability to function in most 
environments are still unanswered [86] and requires further research. ZDDP was 
initially introduced as an antioxidant and corrosion inhibitor but its antiwear character 
was soon realized. The antiwear performance of ZDDP is attributed to its ability to 
form tenacious tribofilms at the sliding interface. 
The adsorption of the ZDDP molecule is considered a precursor to the formation of 
any surface film and any reaction to occur [89]. The van der Waals forces between 
the additive ZDDP or its decomposition products and the solid surface provide the 
driving force for the movement of these species from bulk to the surface. When there 
is a full lubricant film separating the surfaces, this will result in a layered stacking of 
species based upon their relative polarity. Higher polarity species tend to be closer to 
the surface [90]. As the load or temperature or both are increased, many of these 
species undergo thermal desorption. Mechanical action might remove some strongly 
attached molecules as well. Thus with increasing load, the preferential movement of 
species (towards the surface) changes from more easily removed particles  to strongly 
adhering particles and the antiwear action becomes active. As the loading is further 
increased, it is expected that the extreme pressure action is activated. Thus, the 
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applications in this thesis are restricted to the loading conditions where the ZDDP 
shows its antiwear character rather than its extreme pressure capabilities. 
In the engine oil, ZDDP exists as a monomer or oligomer based upon its surrounding 
environment. The ZDDP in Engine oil formulations is generally a mixture of 85% 
secondary alkyl and 15% secondary alkyl ZDDP [91]. The chemical structure of the 
ZDDP molecule is given by several authors [85, 88] (see Figure 2-9).  
 
Figure 2-9 Schematic of the structure of ZDDP molecule [88] 
Once either the ZDDP molecule or its decomposition products have reached the 
surface, a chemical reaction or more appropriately, a series of chemical reactions takes 
place resulting in thick, tenacious structural layers. It is proposed that an oxidation 
reaction takes place between the substrate surface and the ZDDP molecule and a final 
step of condensation polymerization converts the reaction products into glassy 
phosphates [88].  
The tribofilm formation initially starts with a pad like structure with inhomogeneous 
film growth and eventually the whole surface is covered with a thick tribofilm. The 
thickness of these tribofilms can reach up to 150 nm and are generally in the range of 
50 to 150 nm [92, 93]. There are oxides / sulphides of iron and zinc near the surface 
underneath a thick glassy phosphate layer. The outermost parts of the tribofilm contain 
polyphosphates [94]. 
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Figure 2-10 An illustration of the gradient in structure and composition of ZDDP 
tribofilm [85] 
 
The tribofilm of ZDDP has been confirmed to grow on aluminium-silicon alloys, 
diamond like carbon (DLC) coatings [95], silicon[96], tungsten carbide [97], and 
ceramics [98]. The composition and structural properties are not much different on 
either ferrous or non-ferrous steels. Its main constituents are iron, zinc, phosphate, 
sulphide and oxygen. These substances are not distributed evenly. The composition 
of iron increases towards the bulk substrate while more phosphorous is present when 
moving towards the outer edge of tribofilm [85, 99]. The structure of the glassy 
tribofilm varies from highly amorphous at the outer edge to ortho- and pyro- 
phosphate glasses to base of tribofilm [100]. Figure 2-10 shows the gradient structure 
and composition of ZDDP tribofilm. 
2.4.1 The antiwear action of ZDDP 
The antiwear additive ZDDP performs its antiwear action in one of the following ways 
[85]. Three theories have been given to explain the antiwear character of ZDDP. 
I. Formation of a soft / compliant layer on top of the substrate, preventing direct 
solid to solid contact by providing a barrier [101]. 
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II. Hard third body abrasive iron oxide particles are believed to be absorbed by 
the antiwear action of ZDDP. 
III. The glassy phosphate layer formed on the contacting asperities is viscous in 
nature and act to provide a sliding interface with lower stresses [102]. 
2.4.2 Mechanical behaviour of ZDDP tribofilms 
The mechanical nature of the tribofilms has been characterized quite well using AFM 
and nano- indentation experiments [84, 88, 103-107]. All these studies conclude that 
ZDDP tribofilms possess smart behaviour. The tribofilm responds to loads and 
environments. The hardness and stiffness vary through the film depth. There is no 
clear answer to this smart behaviour of the tribofilms and research is still ongoing. 
The hardness of the tribofilm varies between 1.5 and 3.5 GPa [85] and the elastic 
modulus is a function of hardness as well. 
To explain the superior functionality of ZDDP, Mosey et al. [108] used molecular 
dynamics simulations to relate the theory of pressure induced crosslinking to the 
formation and behaviour of the ZDDP tribofilms. Their study aimed at development 
of new antiwear additives by improving the understanding of ZDDP tribofilms. 
Although they relate their results to a wide range of experimental data, their 
simulation parameters are unrealistic. The properties of ZDDP tribofilm as a function 
of temperature were quantified using nano- indentation and AFM set up [109]. A 
simple model was used to extract the elastic modulus of the film. 
2.4.3 Composition and structural properties of ZDDP tribofilms 
It is widely accepted that the antiwear tribofilms possess a gradient in structure as well 
as composition. The tribofilm forms layer by layer but the layers closer to the substrate 
contain shorter chain length structures while the outer layers have longer chain 
phosphates [110, 111]. These studies report the presence of a viscous layer of 
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physically adsorbed additive above the actual tribofilm. This layer can be easily 
removed by solvents. The layer of antiwear tribofilm just below this viscous layer 
contains long chain amorphous zinc and iron polyphosphates chemically adsorbed to 
the layers underneath. The chemically reacted layer very next to the substrate and 
above contains short chain polyphosphates. There is no sharp interfacial separation 
but a gradual variation of chain lengths graded from top to bottom. The composition 
of the tribofilm also changes from top to bottom with higher concentration of zinc in 
the top part of the tribofilm and a higher concentration of iron towards the part of the 
tribofilm near the substrate. This gradient in structure and composition is related to 
the variation in mechanical properties of the tribofilm with depth. The hard layers near 
the substrate bear the load while the middle and top layers in the tribofilm provide an 
interface that can be easily sheared and prevents wear [112]. 
2.4.4 Tribofilm growth and growth kinetics 
The growth rate and the steady state film thickness value achieved by the tribofilm 
are the key parameters to consider. The apparatus used to study the thickness of the 
tribofilm is the Spacer Layer Interferometry Method (SLIM). A steel ball is rubbed 
against a steel disc and lubricant is supplied inside the contact. Depending upon the 
type of additive present, the tribofilm will form. The tribofilm on the ball surface is 
monitored through time. The experiment is stopped and the ball is pressed against a 
glass disc coated with spacer layer. An interference image is obtained which can be 
interpreted as thickness of tribofilm.  
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Figure 2-11: Schematic representation of the basic principle of tribofilm thickness 
measurement using SLIM [113]. 
The SLIM is integrated with a ball on disc set up in a mini traction machine [113] and 
its schematic principle of tribofilm thickness measurement is shown in Figure 2-11. 
The tribofilm thickness over the whole interference image is averaged and a mean 
value is given as an output. 
The growth behaviour of ZDDP has been studied extensively [103, 107, 114-117]. 
The first successful attempt to capture the growth kinetics was made by Fujita et al 
[92]. 
They used a Mini Traction Machine equipped with SLIM to quantify the growth of 
tribofilm. An empirical model to capture the kinetics of the tribofilm growth was also 
developed and fitted to experimental data. The importance of having a complete 
approach for simulating the growth and removal of the tribofilm was emphasized. The 
concept of removal of tribofilm can be related to the characteristics of the tribo 
surface. A time delay in the formation and removal kinetics was suggested as well. 
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The work from Fujita et al [92] considered primary and secondary ZDDPs. The 
tribofilms were found to grow with different rates and reach a final steady state value. 
The study of tribofilm growth using single asperity contacts using Atomic Force 
Microscope (AFM) was done by Gosvami et al. [96]. The growth of tribofilm was 
studied in situ. Thermal energy and stress were identified as key parameters 
controlling the growth kinetics. They also presented an Arrhenius based model to 
capture the growth behaviour of tribofilms. 
Andersson et al. [22] presented the first complete approach to calculate the tribofilm 
growth in a deterministic boundary lubrication framework. Their growth model was 
purely Arrhenius based with no effect of shear stress. A theoretical model to predict 
the growth of tribofilm based upon the thermodynamics of interfaces [118, 119] was 
developed by Ghanbarzadeh et al. [120]. They considered the simultaneous growth 
and removal of the tribofilm with deterministic definitions of roughness, wear and 
tribofilm growth. Their model included the effect of both temperature and shear stress. 
In a recent study by Zhang and Spikes [97], the tribofilm formation under solely EHL 
conditions with no solid to solid contacts has been observed, suggesting that the 
growth of tribofilm is a stress-activated chemical reaction phenomenon [121-124]. 
They used high friction lubricants to grow tribofilms on tungsten carbide balls. The 
ball and disc were super finished with roughness (Rq) values of 10 nm and 7 nm, 
respectively. 
2.4.5 Tribochemistry of ZDDP antiwear film formation 
The antiwear action of ZDDP starts with the presence of ZDDP in the solution phase. 
The ZDDP from its solution phase should reach the surface of the substrate where 
further chemical reactions occur to form the antiwear tribofilm.  
- 41 - 
In the solution / bulk phase, the type and size of the radical group controls the 
properties of the ZDDP molecule. Alkyl groups are generally found on the ZDDPs 
employed in engine oils. A distribution of several alkyl chain lengths is used to get 
required solubility and thermal stability [90]. This solution phase ZDDP then reaches 
the surface. Whether it reaches as ZDDP molecule or its decomposition products is 
still not clear. At the surface of substrate, the ZDDP reacts to form the antiwear film. 
It is proposed that ZDDP undergoes an oxidation reaction on the surface followed by 
a condensation polymerization step to form a glassy phosphate film [125]. 
The decomposition of ZDDP is a complex process and several possible pathways have 
been suggested. The dithiophosphate ligands are weak so the zinc cation can be easily 
replaced by iron or copper forming less stable metal-dialkyldithiophosphates [126]. 
The ligand exchange behaviour of ZDDP becomes critically important when other 
additives especially friction modifiers are blended together [127, 128]. The ability of 
ZDDP to decompose hydroperoxides [129] and peroxy [130, 131] radicals also results 
in the decomposition of ZDDP. This route of decomposition of ZDDP defunct the 
antiwear action of ZDDP [7, 132] and the main reaction products are no longer the 
glassy phosphates. In the absence of hydroperoxides and peroxy radicals, the ZDDP 
undergoes a different route to decomposition at temperatures of around 130oC to 
230oC [85]. The oxygen and sulphur exchange takes place within the ZDDP molecule 
[133]. 
The next step is the adsorption of ZDDP on the substrate surface. The ZDDP adsorbs 
on iron via the Sulphur atom on the P=S bond [134]. Once the temperature reaches 
around 60oC an irreversible reaction occurs and the ZDDP loses its Zn atoms. It has 
also been proposed that the O/S isomer actually adsorbs on steel surface [135]. 
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Whether ZDDP directly adsorbs on the surface or this exchange isomer reacts with 
the substrate is still a debate. 
ZDDP can form either thermal or tribo- films depending upon the route of formation 
(heat or friction). Although chemically the same, the tribofilms are considered to be 
more durable [135-137] than the thermal films and require the asperity-asperity 
contacts and sliding to grow on the substrate [23]. The tribofilms mainly form on the 
sliding tracks [85, 113, 138] and can form even at ambient temperatures. The rate of 
formation of these tribofilms is increased with increasing temperature [92].  
2.5 Friction with ZDDP 
Some ZDDPs are considered to increase friction compared to non-additive lubricant 
situations. This characteristic has recently been highlighted due to the fuel economy 
considerations in engine oils [85]. Initially it was thought that ZDDP tribofilms 
produce a higher magnitude of boundary friction but further experiments revealed that 
the friction increase was mainly in mixed lubrication conditions [139]. Later studies 
confirmed that the higher friction due to ZDDP had nothing to do with boundary 
friction but the experiments showed that the complete Stribeck curve was shifted to 
the right.  This was linked to the roughening of the surface due to tribofilm which 
grows in a patchy manner [84, 109]. Further research on this led to the conclusion that 
even smooth tribofilms have higher friction in mixed lubrication [139, 140]. The 
presence of the tribofilm is believed to hinder fluid entrainment and delay lubricant 
film development. These high friction properties of ZDDP are generally harmful but 
might prove blessing in some applications like continuously variable transmissions. 
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2.6 Summary 
Mixed lubrication and elastohydrodynamic lubrication are described by the same 
equation set. The solution to these equations is very difficult especially under extreme 
conditions. Developing a mixed lubrication solver essentially involves developing a 
robust solver that can handle asperity contacts efficiently. The currently available 
solvers are classified as either stochastic or deterministic depending upon whether the 
roughness is treated stochastically or deterministically. In the current study stochastic 
models are not being used due to their inability give localized contact details. 
A mixed lubrication solver that can simulate lubrication transition from full film down 
to mixed lubrication is required. Depending upon how the contact pressures are 
solved, the deterministic solvers can be separate models or unified models. For 
lubrication transition studies, a unified solver is required. Thus, a mixed lubrication 
solver based upon the unified solution approach is required and this challenge is 
undertaken in this study.   
ZDDP is the preferred choice as an antiwear additive in engine oils due to its superior 
functionality and low cost. It performs its antiwear action by forming a smart layer on 
top of the substrate to protect it. The digestion of the hard abrasive iron oxide particles 
is also one of the proposed modes of its operation. It grows in a patchy manner and is 
inhomogeneous. The chemical and structural inhomogeneity through its thickness 
results in gradually varying mechanical properties. This makes the tribofilm a smart 
material and it responds to the loading conditions to provide superior protection 
against wear. The tribochemistry is quite unclear and complex. Various reaction 
pathways have been proposed but there is no definitive answer yet. The growth of 
ZDDP tribofilm is not restricted to steels or metals. Tribofilm growth on ceramics, 
diamond like carbon coatings (DLCs) and non-ferrous substrates has been observed 
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and experimentally verified. The strength and durability of the tribofilms is considered 
to be crucial in controlling wear. The current consensus on the growth kinetics of the 
ZDDP tribofilm is that it undergoes a stress-activated chemical reaction where the 
shear stress reduces the activation barrier facilitating the chemical interaction. 
The literature on the understanding of the ZDDP tribofilm growth in a lubricated 
contact is limited. The studies dealing with this problem only consider boundary 
lubrication. The models considering the effect of lubrication are very rare. Thus, a 
mixed lubrication model that is capable of simulating the entire transition from full 
lubricant film thickness to dry contact conditions is required. The model should also 
consider the tribochemistry. Thus, enabling the study of tribofilm growth in all the 
lubrication regimes and the dynamic changes of lubrication regimes to be analysed. 
The unified mixed lubrication model successfully bridges the gap between lubrication 
and contact mechanics. The inclusion of tribochemistry will allow the study of 
problems involving multiphysics phenomenon of lubrication, contact mechanics and 
tribochemistry in a single framework. 
It is to be noted that the literature review in this chapter is more generalized and 
specific review relevant to each topic is provided in Chapter 3, Chapter 4, Chapter 5, 
Chapter 6 and Chapter 7.  
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Chapter 3  
Mixed Lubrication Model: Numerical, 
Algorithmic and Computational Details 
In this chapter the complete mathematical, numerical and computational details  of 
the mixed lubrication model are developed  and the details presented. The mixed 
lubrication model was developed and complete computer code was developed from 
scratch using the FORTRAN programming language resulting in a highly useful tool 
to access problems at the engineering scale. 
The mathematical model for the mixed lubrication problem is outlined in section 3.1. 
The equations defining the EHL / mixed lubrication problem are outlined. These 
equations are then non-dimensionalized in section 3.2. Solvers for the Reynolds 
equation are prone to slow convergence at high pressures and it is very difficult to get 
converged solutions when actual asperity-asperity contact takes place. The 
conventional solvers fail under such mixed physics situations. Thus, the problem of 
developing a mixed lubrication solver essentially means developing a robust solver 
that can handle discrete fluid and solid contact spots.  
The numerical solvers developed for the EHL / mixed lubrication problem are 
reviewed with specific emphasis on the ability of solvers to handle extreme conditions 
in section 3.6.2. The key reasons causing this loss of convergence are explored and 
among various solvers, the semi-system method is chosen and implemented. This 
method requires the entrainment flow terms to be included in the development of 
coefficient matrix to ensure diagonal dominance in  both low and high load conditions. 
The unified mixed lubrication algorithm is introduced and the details of the 
implementation specific to this study are given. The discretized Reynolds equation 
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results in a system of equations that needs to be solved numerically. The TriDiagonal 
Matrix Algorithm (TDMA) algorithm is introduced in section 3.6.5. To address the 
issue of a loss of coupling in the direction transverse to flow at higher pressures, the 
TDMA algorithm is implemented in a line by line manner; details of implementation 
and a discussion of the superiority of this algorithm are given in section 3.6.5. The 
application of boundary conditions is then addressed in section 3.7.2. For a TDMA 
algorithm, it is slightly tricky to handle the boundary conditions. 
The calculation of deformation by the Boussinesq integral is very time consuming and 
its calculation scales as O (N2) due to the double integral. The calculation of 
deformation requires multiplication of the influence coefficient matrix with pressure. 
This multiplication with the summation results in a linear convolution. If this 
convolution is converted into a cyclic convolution, fast Fourier transforms (FFT) can 
be used to solve this convolution in the frequency domain. This reduces the 
computation time significantly and the method scales as 𝑂(𝑁𝑙𝑜𝑔(𝑁)). Thus allowing 
simulations with larger number of iterations and much finer meshes can be used. The 
details of the complete procedure of transforming the linear convolution into a cyclic 
convolution by pre-treating the influence coefficient matrix and the pressure matrix 
are given. The Fourier transforms are computed with the highly optimized FFTW 
library (www.fftw.org) that is freely available. Therefore, section 3.9 details the 
implementation of the FFT algorithm and the implementation of the specific interface 
to link the FFTW library with FORTRAN programming language. The use of FFT 
method reduces the computation time by several orders. 
The validation of the mixed lubrication model is presented in section 3.10. The EHL 
calculations based upon finite differences are prone to grid dependence and the grid 
justification is performed by calculating the central and the minimum film thickness 
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values for increasing values of mesh density. The calculations are performed for 
speeds ranging from very high to ultra-low values. Then the model output in the form 
of pressure and film thickness profiles for a smooth contact and at specific speeds is 
compared against published results. Excellent agreement is found both qualitatively 
and quantitatively. Finally, the ability of the model to capture lubrication transitions 
is explored. 
3.1 Governing Equations for mixed lubrication problem 
The governing equations have been presented already in chapter 2 but here these are 
repeated for the sake of convenience and completeness. The lubrication problem is 
simplified by using equivalent values for the radius and modulus as shown in Figure 
3-1. This enables the change of contact configuration from having two cylinders in 
contact to the contact between a ball and flat. This simplified configuration is used 
throughout this study and is presented in Figure 3-1.  
 
Figure 3-1: Contact simplification and definition of key parameters 
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The mixed lubrication problem is mathematically defined by three basic  equations: 
the fluid flow equation, the elasticity equation (film thickness) and the load balance 
equation. This system is inconsistent and requires two additional equations relating 
density and viscosity as a function of pressure. Thus the complete system is solved by 
these five equations which are outlined below. 
Reynolds equation 
𝜕
𝜕𝑥
(
𝜌ℎ3
12𝜂
𝜕𝑃
𝜕𝑥
) +
𝜕
𝜕𝑦
(
𝜌ℎ3
12𝜂
𝜕𝑃
𝜕𝑦
) − 𝑈𝑟
𝜕(𝜌ℎ)
𝜕𝑥
−
𝜕(𝜌ℎ)
𝜕𝑡
= 0  (3-1) 
Film thickness equation 
ℎ(𝑥, 𝑦, 𝑡) = ℎ𝑜(𝑡) +
𝑥2
2𝑅𝑥
+
𝑦2
2𝑅𝑦
+ 𝑉(𝑥, 𝑦, 𝑡) − 𝑅(𝑥, 𝑦, 𝑡)  (3-2) 
where the last two terms represent elastic deformation of the contacting half spaces 
and the roughness function, respectively. The elastic deformation is calculated by the 
Boussinesq integral.  
𝑉(𝑥, 𝑦, 𝑡) =  
2
𝜋𝐸′
∫ ∫
𝑝(𝑥′,𝑦′)
√(𝑥−𝑥′)2+(𝑦−𝑦′)2
𝑑𝑥′𝑑𝑦′
+∞
−∞
+∞
−∞
  (3-3) 
while the roughness function gives the micro-geometry of the contacting bodies 
𝑅(𝑥, 𝑦) =  𝛿1(𝑥, 𝑦, 𝑡) + 𝛿2(𝑥, 𝑦, 𝑡)  (3-4) 
For moving roughness, the roughness functions are described as 
𝛿1(𝑥, 𝑦, 𝑡) =  𝛿1(𝑥 − 𝑈1 ∗ 𝑡, 𝑦) 
𝛿2(𝑥, 𝑦, 𝑡) =  𝛿2(𝑥 − 𝑈2 ∗ 𝑡, 𝑦) 
Load balance equation 
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𝑊 = ∫ ∫ 𝑝(𝑥′, 𝑦′)𝑑𝑥′𝑑𝑦′
+∞
−∞
+∞
−∞
  (3-5) 
 
Pressure-viscosity equation 
The Barus equation 
𝜂(𝑝) = 𝜂𝑜𝑒
𝛼𝑝  (3-6) 
      The Roelands equation 
𝜂(𝑝) = 𝜂𝑜𝑒
((ln(𝜂𝑜)+9.67) −1+(1+
𝑝
𝑝𝑜
)
𝑧
 )
  (3-7) 
Density pressure equation 
𝜌(𝑝) = 𝜌𝑜
5.9𝑥108+1.34𝑝
5.9𝑥108+𝑝
  (3-8) 
The Reynolds equation (3-1) describes the fluid film formation in the EHL 
conjunction while the elastic deformation equation (3-3) represents the contact 
mechanics of the problem. The ML problem essentially combines both the fluid flow 
and elasticity equation in a single domain making it much more challenging to obtain 
converged solutions for the mixed physics problem. The load balance equation (3-5) 
ensures that the calculated pressures are actually the correct pressures by balancing 
pressures and load. In the EHL conjunction, the pressure might be several orders of 
magnitude higher compared to ambient conditions and thus it is essential to consider 
the effect of pressure on viscosity to correctly model the rheology of the lubricant. 
Several equations are presented to relate viscosity to pressure. The Barus law (3-6) is 
the most commonly used due to its simplicity and ease of implementation but does 
not represent true viscosity-pressure phenomenon. At pressures above 1 GPa, the 
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pressures predicted by the Barus may be quite overestimated [20]. Thus, the Roelands 
equation (3-7) is used in the current study. Due to the high pressures in the ML 
conditions, the fluid cannot be considered incompressible and the change in density 
with pressure is important. The change in density is represented by the Dowson and 
Higginson formulation given in equation (3-8). 
3.2 Non-dimensionalization 
In the above section, the EHL / ML equation set is presented. From a computational 
point of view, it is always advisable to non-dimensionalize the problem equations. 
The film thickness values range from micrometers to nanometers while the pressure 
ranges from megapascals to gigapascals. Thus non-dimensionalization removes any 
numerical inconsistencies that might occur due to the very large and very small 
numbers. Secondly, comparative analysis can be performed quite easily without 
actually having to deal with the magnitudes of quantities. And it has been a standard 
practice among the EHL community to non-dimensionalize the equation set. The same 
practice is followed here. Thus, the \following variables can be used to non-
dimensionalize the above equations. 
𝑋 =
𝑥
𝑎
, 𝑌 =
𝑦
𝑎
, 𝑃 =
𝑝
𝑝ℎ
, 𝐻 =
ℎ𝑅𝑥
𝑎2
, 𝜌 =
𝜌
𝜌𝑜
, 𝜂 =
𝜂
𝜂𝑜
, 𝑇 =
𝑡𝑈𝑟
𝑎
 
Here, 𝑎 is the half width of the Hertzian contact.  
The Reynolds equation becomes 
𝜕
𝜕𝑋
(𝜉
𝜕𝑃
𝜕𝑋
) +
𝜕
𝜕𝑌
(𝜉
𝜕𝑃
𝜕𝑌
) −
𝜕(?̅?𝐻)
𝜕𝑋
−
𝜕(?̅?𝐻)
𝜕𝑇
= 0  (3-9) 
for 𝑋 𝜖 [𝑋𝑎, 𝑋𝑏] and 𝑌 𝜖 [−𝑌𝑎, 𝑌𝑎]. In this equation, 𝜉 =
?̅?𝐻3
?̅? ?̅?
 and  ?̅? =
12𝑈𝑟𝜂𝑜𝑅𝑥
2
𝑎3𝑝ℎ
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The solution should obey the following boundary conditions 
𝑃(𝑋𝑎, 𝑌) = 𝑃(𝑋𝑏, 𝑌) = 𝑃(𝑋,−𝑌𝑎) = 𝑃(𝑋, 𝑌𝑎) = 0  (3-10) 
And imposing 𝑃(𝑋, 𝑌) > 0 satisfies the general cavitation boundary condition. 
The film thickness equation becomes 
𝐻(𝑋, 𝑌) = 𝐻𝑜 +
𝑋2
2
+
𝑌2
2
+
2
𝜋2
∫ ∫
𝑃(𝑋′,𝑌′)
√(𝑋−𝑋′)2+(𝑌−𝑌′)2
𝑑𝑋′𝑑𝑌′ − 𝑅(𝑋, 𝑌)
+∞
−∞
+∞
−∞
  (3-11) 
The dimensionless load balance equation is 
∫ ∫ 𝑃(𝑋, 𝑌)𝑑𝑋𝑑𝑌
+∞
−∞
=
2𝜋
3
+∞
−∞
  (3-12) 
The load balance condition is implemented by adjusting the non-dimensional gap 𝐻𝑜 
in the film thickness equation. 
The Roelands pressure-viscosity equation becomes 
?̅?(𝑃) = 𝑒
((ln(𝜂𝑜)+9.67) −1+(1+
𝑝ℎ
𝑝𝑜
𝑃)
𝑧
 )
  (3-13) 
and finally the density pressure equation becomes 
?̅?(𝑃) =
5.9𝑥1088+1.34𝑝ℎ𝑃
5.9𝑥1088+𝑝ℎ𝑃
  (3-14) 
3.3 Discretization 
The non-dimensionalized equation set (equation  (3-9) to equation (3-14) is 
discretized on a regular grid Δ𝑋 = Δ𝑌 using finite differences, though irregular grids 
can also be used. Central differences are used for the pressure flow terms (Poiseuille 
terms) and first order backward differences for the wedge (Couette flow) and squeeze 
- 53 - 
flow terms (the transient derivative). This particular difference scheme is chosen 
based upon the detailed study by Liu et al [80, 81]. The discrete versions of the mixed 
lubrication equation set is presented in the next sections. 
3.3.1 Discrete Reynolds Equation 
The discrete version of the Reynolds equation is given below: 
[
𝜉
𝑖−
1
2
,𝑗
𝑃𝑖−1,𝑗−(𝜉𝑖−1
2
,𝑗
+𝜉
𝑖+
1
2
,𝑗
)𝑃𝑖𝑗+𝜉𝑖+1
2
,𝑗
𝑃𝑖+1,𝑗
Δ𝑋2
] + [
𝜉
𝑖,𝑗−
1
2
𝑃𝑖,𝑗−1−(𝜉𝑖,𝑗−1
2
+𝜉
𝑖,𝑗+
1
2
)𝑃𝑖𝑗+𝜉𝑖,𝑗+1
2
𝑃𝑖,𝑗+1
Δ𝑌2
] −
[
𝜌𝑖𝑗𝐻𝑖𝑗−𝜌𝑖−1𝑗𝐻𝑖−1𝑗
Δ𝑋
] − [
𝜌𝑖𝑗
𝑘𝐻𝑖𝑗
𝑘−𝜌𝑖𝑗
𝑘−1𝐻𝑖𝑗
𝑘−1
Δ𝑇
] = 0  (3-15) 
 
Figure 3-2: The distinction between the stencil of pressure differences and the stencil 
for discretizing the Reynolds coefficients. The open points and red indices refer to the 
stencil for Reynolds coefficients. 
The discretization of the term 𝜉 requires attention. This term is discretized on a grid 
that is different from the actual grid for solving the Reynolds equation and its value 
at a particular node is the average of values at the surrounding nodes halfway through 
the grid and is defined as 𝜉𝑖,𝑗 = 𝜉𝑖−1
2
,𝑗
+ 𝜉
𝑖+
1
2
,𝑗
 (where 𝜉
𝑖±
1
2
,𝑗
= 𝜉𝑖,𝑗 + 𝜉𝑖±1,𝑗) as shown 
𝑖, 𝑗 
𝑖, 𝑗 + 1 
𝑖, 𝑗 − 1 
𝑖 + 1, 𝑗 𝑖 − 1, 𝑗 
𝑖, 𝑗 +
1
2
 
𝑖 −
1
2
, 𝑗 
𝑖, 𝑗 −
1
2
 
𝑖 +
1
2
, 𝑗 
- 54 - 
in Figure 3-2. The indices labelled red and with hollow circles correspond to the grid 
for evaluating 𝜉𝑖,𝑗 values. 
To write the discrete version of the film thickness equation, the Boussinesq integral 
for the half space elasticity needs to be represented as a discrete operator. The 
denominator in this integral has a discontinuity at the point where the deformation is 
being calculated. This discontinuity can be avoided by writing the problem in polar 
coordinates [141]. In rectangular coordinates, 
𝑉(𝑋, 𝑌) =  
2
𝜋2
∫ ∫
𝑃(𝑆,𝑇)
√(𝑋−𝑆)2+(𝑌−𝑇)2
𝑑𝑆𝑑𝑇
+∞
−∞
+∞
−∞
  (3-16) 
The denominator gives the distance between the points (𝑋, 𝑌) the point where 
deformation is being calculated and (𝑆, 𝑇) the point where pressure is acting. It 
becomes singular when 𝑋 = 𝑆 and 𝑌 = 𝑇. To avoid this singularity first the 
coordinates are transformed by shifting the origin to (𝑆, 𝑇) and substituting 𝑋′ = 𝑋 −
𝑆 and 𝑌′ = 𝑌 − 𝑇.  
𝑉(𝑋′, 𝑌′) =  
2
𝜋2
∫ ∫
𝑃(𝑋′,𝑌′)
√𝑋′
2
+𝑌′
2
𝑑𝑋′𝑑𝑌′
+∞
−∞
+∞
−∞
  (3-17) 
Using polar coordinates to represent this equation successfully eliminates the 
singularity. Thus, substituting 𝑋 = 𝑟 cos 𝜃 and 𝑌 = 𝑟 sin 𝜃, the above equation 
becomes, 
𝑉(𝑋, 𝑌) =  
2
𝜋2
∫ ∫ 𝑃(𝑟, 𝜃) 𝑑𝑟𝑑𝜃
2𝜋
0
𝑟
0
  (3-18) 
Now this integral can be evaluated by numerical integration procedures but the 
computational effort required to solve this for the point contact problem restricts its 
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use. Thus, the integral is converted into the deformation matrix. The solution domain 
is discretized and the pressures in the deformation integral are decoupled. Thus, the 
deformation at a node can be evaluated by considering pressure acting at a single node 
and this is repeated for the whole domain for every single point. The resulting 
summation is a convolution in real space. 
3.3.2 Discretized deformation integral 
The discretized version of the deformation integral is given below 
𝑉𝑖𝑗 =
2∗𝛥𝑋
𝜋2
 ∑ ∑ 𝐷𝑖𝑗
𝑘𝑙𝑃𝑘𝑙
𝑁
𝑙=1
𝑁
𝑘=1   (3-19) 
In this equation, 𝐷𝑖𝑗
𝑘𝑙 is the non-dimensionalized deformation coefficient matrix. It 
relates the deformation at node (𝑖, 𝑗), the point at which deformation is being 
calculated to the node (𝑘, 𝑙), the point of application of pressure. The above equation 
is valid for a regular grid (Δ𝑋 = Δ𝑌) and for such grids 
𝐷𝑖𝑗
𝑘𝑙 =  𝐷𝑘𝑗
𝑖𝑙  
𝐷𝑖𝑗
𝑘𝑙 = 𝐷𝑖𝑙
𝑘𝑗
 
Resulting in N*N calculations for a single evaluation. The formula used to calculate 
deformation coefficient is as follows [141]: 
𝐷𝑖𝑗
𝑘𝑙 = (|𝑗 − 𝑙| + 0.5) ln [
𝑓(|𝑖−𝑘|+0.5,|𝑗−𝑙|+0.5)
𝑓(|𝑖−𝑘|−0.5,|𝑗−𝑙|+0.5)
] +  (|𝑖 − 𝑘| − 0.5) ln [
𝑓(|𝑗−𝑙|−0.5,|𝑖−𝑘|−0.5)
𝑓(|𝑗−𝑙|+0.5,|𝑖−𝑘|−0.5)
] +
 (|𝑗 − 𝑙| − 0.5) ln [
𝑓(|𝑖−𝑘|−0.5,|𝑗−𝑙|−0.5)
𝑓(|𝑖−𝑘|+0.5,|𝑗−𝑙|−0.5)
] + (|𝑖 − 𝑘| + 0.5) ln [
𝑓(|𝑗−𝑙|+0.5,|𝑖−𝑘|+0.5)
𝑓(|𝑗−𝑙|+0.5,|𝑖−𝑘|+0.5)
]   (3-20) 
The interpolation function used is𝑓(𝑥, 𝑦) = 𝑥 + √𝑥2 + 𝑦2. 
3.3.3 Discretized Load balance equation 
The discretized version of the load balance equation is given by 
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Δ𝑋Δ𝑌∑ ∑ 𝑃𝑖𝑗 =
2∗𝜋
3
 𝑁𝑗=1
𝑁
𝑖=1   (3-21) 
This equation is evaluated in every iteration and the resulting difference is used to 
update the value of the undeformed film thickness, 𝐻𝑜  in the film thickness equation. 
3.4 Numerical procedure for solving the Reynolds Equation 
The numerical solution procedure for solving the above equation system is based upon 
solving the Reynolds equation and using the calculated pressures to update the 
deformation which is used to calculate the film thickness.  
The film thickness is again used in the Reynolds equation to update the coefficient 
matrix for the Reynolds equation. This procedure is iterated until a desired pressure 
and load balance convergence is achieved. The complete flow chart is given in Figure 
3-3 
The steps involved in the solution procedure are clearly identified in the flow chart. 
The calculation starts with an initialization of the problem. The material properties 
like the elastic modulus, poisson’s ratio etc. and the geometrical properties like the 
radius of curvature of the ball and the diameter of disc and the initial guess of pressure 
(generally Hertzian) are defined. This pressure goes into updating the deformation and 
film thickness equation and to build up the coefficient matrix for the Reynolds solver. 
The viscosity and density are also update based upon the pressure as these are a 
function of pressure and need to be updated every time the pressure is updated and are 
also used to update the Reynolds coefficients. The Reynolds coefficients are then used 
to solve the Reynolds equation and the error is checked. If the error is within the range 
specified, the simulation is stopped and the pressure and film thickness profiles are 
given as output. Otherwise, the pressure and the rigid body interference are adjusted 
for the next iteration and the procedure repeats until convergence. 
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Figure 3-3: Flow chart to illustrate the numerical algorithm for solving the unified 
mixed lubrication problem. 
3.5 Constructing coefficient matrix for the Reynolds 
Equation 
The Reynolds equation  (3-9) once discretized forms a system of equations that 
is solved simultaneously. This equation system is   
𝐴𝑖𝑗𝑃𝑖−1𝑗 + 𝐵𝑖𝑗𝑃𝑖𝑗 + 𝐶𝑖𝑗𝑃𝑖+1𝑗 = 𝛿𝑖𝑗  (3-22) 
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The indexed notation in this equation is based upon the numerical solution domain. 
The coefficient matrix is built by fixing the index in one direction and populating the 
coefficient matrix by varying the index in the other direction. Once the system of 
equations is solved, the pressure and film thickness values are updated. In this way 
the solver moves from one end of the solution domain to the other. This procedure 
can also be repeated several times starting from one direction and reaching the other 
direction as in alternating direct implicit (ADI) technique but in the current study, this 
was not explored.  
3.5.1 Conventional solution procedure  
The conventional numerical procedure for solving the Reynolds equation considers 
the pressure flow terms to be unknown at each iteration and thus the coefficient matrix 
for solving the system of equations (3-22) is formed entirely by the pressure flow 
terms. This means that the entrainment terms are considered known and are updated 
based upon information from the previous iteration. The conventional procedure has 
some limitations especially at higher loads and extreme conditions which will be 
discussed in detail in the next sections. 
The contribution of each term in the Reynolds equation  (3-9) (discretized version 
is equation (3-15)) is considered independently and is included into the discretized 
equation (3-22). For a rectangular grid, the contribution of each of the terms in the 
Reynolds equation in building the coefficient matrix is given next.  
Poiseuille flow contribution 
[𝐴𝑖𝑗]𝑝  =
𝜉
𝑖−
1
2,𝑗
Δ𝑋2
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[𝐵𝑖𝑗]𝑝 = −
 𝜉
𝑖−
1
2,𝑗
+ 𝜉
𝑖+
1
2,𝑗
+ 𝜉
𝑖,𝑗−
1
2
+ 𝜉
𝑖,𝑗+
1
2
 
Δ𝑋2
 
[𝐶𝑖𝑗]𝑝 =
𝜉
𝑖+
1
2,𝑗
Δ𝑋2
 
[𝛿𝑖𝑗]𝑝 = −
 𝜉
𝑖,𝑗−
1
2
𝑃𝑖,𝑗−1 + 𝜉𝑖,𝑗+12
𝑃𝑖,𝑗+1 
Δ𝑋2
 
Shear flow / Couette flow contribution 
[𝐴𝑖𝑗]𝑠 = 0 
[𝐵𝑖𝑗]𝑠 = 0 
[𝐶𝑖𝑗]𝑠 = 0 
[𝛿𝑖𝑗]𝑠 =
𝜌𝑖𝑗𝐻𝑖𝑗 − 𝜌𝑖−1𝑗𝐻𝑖−1𝑗
Δ𝑋
 
Squeeze flow contribution 
[𝐴𝑖𝑗]𝑡 = 0 
[𝐵𝑖𝑗]𝑡 = 0 
[𝐶𝑖𝑗]𝑡 = 0 
[𝛿𝑖𝑗]𝑡 =
𝜌𝑖𝑗
𝑘𝐻𝑖𝑗
𝑘 − 𝜌𝑖𝑗
𝑘−1𝐻𝑖𝑗
𝑘−1
Δ𝑇
 
Thus, the coefficient matrix for the complete system of equations can be written as 
the sum of the contribution from individual terms as 
𝐴𝑖𝑗 = [𝐴𝑖𝑗]𝑝 + [𝐴𝑖𝑗]𝑠 + [𝐴𝑖𝑗]𝑡  (3-23) 
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𝐵𝑖𝑗 = [𝐵𝑖𝑗]𝑝 + [𝐵𝑖𝑗]𝑠 + [𝐵𝑖𝑗]𝑡  (3-24) 
𝐶𝑖𝑗 = [𝐶𝑖𝑗]𝑝 + [𝐶𝑖𝑗]𝑠 + [𝐶𝑖𝑗]𝑡  (3-25) 
𝛿𝑖𝑗 = [𝛿𝑖𝑗]𝑝 + [𝛿𝑖𝑗]𝑠 + [𝛿𝑖𝑗]𝑡  (3-26) 
Using the above formulation the EHL / ML system of equations formed by equations 
 (3-9), (3-11),  (3-12) (3-13) and (3-14) can be solved subject to the boundary 
conditions given by equation (3-10) using appropriate numerical schemes (discussed 
in next section). The important thing to note here is that the complete coefficient 
matrix is built from the Poiseuille flow terms as the terms 𝛿𝑖𝑗 are considered to be 
known from the previous iteration. The solution is expected to be stable at low 
pressures / high speeds. The numerical convergence and stability will be discussed in 
detail in the next section. 
3.6 Design and development of a robust solver for the mixed 
lubrication problem 
Once the mathematical problem is discretized using finite differences, it is now a 
linear algebra problem, 𝐴𝑌 = 𝐵, where 𝑌 is the vector of unknowns, 𝐴 is the 
coefficient matrix of order 𝑁 𝑥 𝑁 and 𝐵 is the vector of known values. There are two 
types of linear algebra solvers to solve this problem: the direct solvers and iterative 
solvers. The direct solvers solve the problem exactly (to machine precision) and are 
most accurate but are only practically applicable to simplified and small problems. 
For large problems, the direct solvers cannot be used due to high computational cost 
and huge memory requirements. Thus, most practical problems are solved by the 
iterative solvers. The iterative solvers find successive approximations to the solution 
by starting from an initial guess [142]. The iterative solvers are much more flexible 
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and low cost and the accuracy of solution can be tuned by setting suitable convergence 
criteria. Iterations start with an initial guess 𝑋(0) and reaches a final solution 𝑋. In this 
process a series of solutions vectors is created {𝑋𝑛}𝑛=0
∞ . This can be represented as 
 𝑋𝑖+1 = 𝑀𝑋𝑖 + 𝑐                                               (3-27) 
3.6.1 Iterative approaches in EHL / ML solutions 
The EHL equations are traditionally solved by using the Gauss-Seidel and Jacobi 
techniques. These techniques have been well documented and the more interested 
reader should consult the book by Venner and Lubrecht [29]. The difference lies in 
the way in which the new values are calculated for successive iterations. If only the 
old values are used to update the guess, it is essentially a Jacobi solver. The Jacobi 
solver is based upon the idea of simultaneous displacement where values are only 
updated once a complete iteration sweep has been taken so the order in which values 
are updated does not matter. If the values are updated dynamically and some newly 
updated values are used to update the guess, it is a Gauss-Seidel solver. Thus, it should 
be done in a lexicographic (increasing grid numbering) order and the values updated 
during the iteration sweep.   
3.6.2 A survey of numerical approaches 
Mixed lubrication has primarily remained a numerical analysis method due to the 
experimental difficulties. Simulations have been an invaluable tool to study ML. The 
fluid under study can be either Newtonian or non-Newtonian. For a non-Newtonian 
fluid, the shear behaviour becomes important. The distinction of various numerical 
approaches and the improvements introduced in the direct iterative approaches is 
shown in Figure 3-4 highlighting the semi-system approach. 
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The solution of the ML problem is very challenging as the equations exhibit strong 
non-linearity. The algorithm presented in above flowchart is for the direct iterative 
approach where the elastic deformation is first evaluated based upon the initial 
pressure guess (Hertzian in this study unless otherwise mentioned). This deformation 
𝑉(𝑋, 𝑌) is then used to calculate the film thickness 𝐻(𝑋, 𝑌), and nodal values of 
viscosity and density. These values are input to the discretized Reynolds equation to 
get the system of equations that can be readily solved as everything on the right hand 
side (𝛿𝑖𝑗 given in equation (3-26)) is known. The pressures obtained are used again to 
calculate deformation, film thickness, density, viscosity and again the Reynolds 
equation is solved. This procedure repeats until a desired convergence of both pressure 
and load balance has been achieved. 
The direct iterative approach has some limitations. The solution convergence is very 
slow and it is numerically unstable under heavily loaded conditions. Some other 
approaches have been put forward but since only the direct iterative approach (with 
improvements to overcome the limitations) is used here, the other approaches are just 
briefly introduced. The inverse solution approach [143] solves pressures inversely in 
the severe conditions. This enabled quicker solutions and could handle heavy loading 
conditions however is not automatic and requires manual input. The system analysis 
approach [144, 145] uses the Newton-Raphson iterative approach and is limited due 
to huge memory requirements and time step limitations. The coupled differential 
deflection technique was first applied to solve line contact problems [146] in 2000 
and  then extended to point contact problems [147], later in 2003. This approach 
introduces a new way to evaluate the deflection with very localized formulation. Thus 
the resulting discretized equations can be solved with banded matrix techniques which 
are well established among the computational fluid dynamics (CFD) and finite 
- 63 - 
element method (FEM) communities and rapid optimized solvers are available. The 
differential deflection methods are rapid and stable even under heavy loaded 
conditions. 
 
Figure 3-4: Various approaches for solving the EHL / mixed lubrication problem. 
The direct iterative approach is the first approach used in EHL modelling. This is 
mainly due to its simplicity of development and implementation and secondly due to 
its low memory requirement. Once the issues of convergence and stability have been 
overcome, the direct iterative approach can be readily applied to solve practical 
problems. The first breakthrough in EHL theory came with the introduction of the 
multigrid methods by Lubrecht in 1987 [148] and application by Venner [56] in 1991 
and Ai [77] in 1993. There are two variations of the multigrid method: algebraic 
multigrid and geometric multigrid and in EHL the multigrid methods refer to 
geometric multigrid methods. In algebraic multigrid, the degree of polynomial used 
to approximate the function is switched between higher and lower levels to reduce the 
errors correspondingly while in geometric multigrid methods, the computational grid 
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is switched between coarser and finer levels to reduce errors correspondingly. This 
switching is based upon the observation that the errors whose wavelength matches the 
grid size converge fast. These methods have enjoyed widespread acceptance and 
application. 
In the above discretization given in section 3.5, it is clear that the coefficient matrix 
for the system of equations is built only from the pressure flow terms. All other terms 
(Couette and squeeze) are considered known and put onto the right hand side in the 
known vector (calculated based values from previous iteration). Under heavily loaded 
conditions, the Reynolds coefficients forming the coefficient matrix become very 
small due to high viscosity and small film thickness. Thus the coefficient matrix loses 
its diagonal dominance and the solution process suffers from severe instability and 
poor convergence. The solution to this problem was proposed by Ai [77]. He proposed 
the semisystem approach where the entrainment flow terms (Couette and squeeze) are 
also used to build the coefficient matrix. This ensures numerical stability even under 
extreme conditions when the pressure flow vanishes. 
When the EHL film thickness approaches nanometer scale (especially below 20 
nanometer [80]), the effect of mesh density on the EHL film thickness becomes 
significant. Although proposed earlier as well [82], the progressive mesh densification 
method has recently emerged [149] as a very promising new method to solve the 
mixed lubrication problems. Unlike the multigrid methods, this approach relies on 
starting with a coarser mesh and refining the mesh once a loose criterion for 
convergence is met. This significantly reduces the required computational effort and 
the inconsistencies regarding the mesh dependence of film thickness results. 
A numerical improvement to the direct iterative approach was also given by Li and 
Kahraman [79]. Using the asymmetric integrated control volumes, the mesh 
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dependence of the film thickness can be removed altogether and coarser meshes are 
accessible. 
All the above methods can be broadly classified into direct and inverse methods. The 
inverse methods are very powerful but require tricky manual tuning to get converged 
pressures at higher pressures. The direct methods are easily implemented and 
automated. Gauss-Seidel, Jacobi, Newton-Raphson, multigrid and semisystem 
method are all variations of the direct iterative approach.  
3.6.3 The Semisystem approach: insights into numerical stability 
As mentioned in section 3.5.1, the convergence is very slow under heavy loading 
conditions when the Gauss-Seidel or Jacobi methods are used where the coefficient 
matrix for the Reynolds equation solver is built only from the pressure flow terms. 
The Reynolds coefficient (𝜉 =
?̅?𝐻3
?̅? ?̅?
 where  ?̅? =
12𝑈𝑟𝜂𝑜𝑅𝑥
2
𝑎3𝑝ℎ
) due to reduced film 
thickness and increased viscosity at higher pressures will become insignificant. This 
will happen even under normal conditions, near the centre of the contact, where the 
pressure is high. This can be mathematically explained as 
 lim
𝑃→∞
𝜉𝑥 ≈ 0 𝑎𝑛𝑑 lim
𝑃→∞
 𝜉𝑦 ≈ 0) 
Asymptotically, Reynolds equation reduces to 
 
𝜕(?̅?𝐻)
𝜕𝑋
+ 
𝜕(?̅?𝐻)
𝜕𝑇
= 0                                           (3-28) 
This means that the pressure flow becomes insignificant and the equation for the fluid 
flow reduces to a wave equation [29]. Thus, if the Reynolds equation solver is based 
solely upon the pressure flow terms, the solution will not converge. So, we have to 
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develop the system of equations 𝐴𝑌 = 𝐵 again. The discretized Reynolds equation 
remains the same. We only reformulate the coefficient matrix. 
The idea is to build the coefficient matrix with contributions from the pressure flow 
terms as well as the shear and squeeze flow terms. The pressure flow terms have 
already been included as explained in the previous sections. To include contribution 
from the entrainment flow terms (squeeze + shear), the nodal value of film thickness 
is expressed as: 
𝐻𝑖,𝑗 = 𝐻𝑖,𝑗
𝑛−1 − (𝐷𝑖−1,𝑗
𝑖𝑗 𝑃𝑖−1,𝑗
𝑛−1 + 𝐷𝑖,𝑗
𝑖𝑗𝑃𝑖,𝑗
𝑛−1 + 𝐷𝑖+1,𝑗
𝑖𝑗 𝑃𝑖+1,𝑗
𝑛−1)
+ (𝐷𝑖−1,𝑗
𝑖𝑗 𝑃𝑖−1,𝑗
𝑛 + 𝐷𝑖,𝑗
𝑖𝑗𝑃𝑖,𝑗
𝑛 + 𝐷𝑖+1,𝑗
𝑖𝑗 𝑃𝑖+1,𝑗
𝑛) 
In this equation, 𝑛 is the iteration number. The film thickness 𝐻𝑖,𝑗 includes the 
deflection due to all the pressures from the previous iteration 𝑛 − 1. The influence of 
pressures in the row being solved at point 𝑖 is given by 
𝐷𝑖−1,𝑗
𝑖𝑗 𝑃𝑖−1,𝑗 + 𝐷𝑖,𝑗
𝑖𝑗𝑃𝑖,𝑗 + 𝐷𝑖+1,𝑗
𝑖𝑗 𝑃𝑖+1,𝑗 
The terms that are to be evaluated in the current iteration, 𝑛 (the unknown values) are 
taken to the left side of the equation 3-22 to populate the vectors 𝐴𝑖𝑗, 𝐵𝑖𝑗 and 𝐶𝑖𝑗 while 
the terms that are from the previous iteration are kept on the right hand side to develop 
the vector, 𝛿𝑖𝑗 of known values. It is to be noted that due to the way the algorithm has 
been implemented, the pressure approximation term 𝑃𝑖−1,𝑗 is known from the previous 
step in the current iteration. Based upon this approximation, the system of equations, 
equation 3-22 is built in the following: 
Poiseuille flow contribution 
[𝐴𝑖𝑗]𝑝 =
𝜉
𝑖−
1
2,𝑗
Δ𝑋2
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[𝐵𝑖𝑗]𝑝 = −
 𝜉
𝑖−
1
2,𝑗
+ 𝜉
𝑖+
1
2,𝑗
+ 𝜉
𝑖,𝑗−
1
2
+ 𝜉
𝑖,𝑗+
1
2
 
Δ𝑋2
 
[𝐶𝑖𝑗]𝑝 =
𝜉
𝑖+
1
2,𝑗
Δ𝑋2
 
[𝛿𝑖𝑗]𝑝 = −
 𝜉
𝑖,𝑗−
1
2
𝑃𝑖,𝑗−1 + 𝜉𝑖,𝑗+12
𝑃𝑖,𝑗+1 
Δ𝑋2
 
Shear flow / Couette flow contribution 
[𝐴𝑖𝑗]𝑠 = −
?̅?𝑖𝑗𝐷𝑖−1𝑗
𝑖𝑗 − ?̅?𝑖−1𝑗𝐷𝑖−1𝑗
𝑖−1𝑗
Δ𝑋
 
[𝐵𝑖𝑗]𝑠 = −
?̅?𝑖𝑗𝐷𝑖𝑗
𝑖𝑗 − ?̅?𝑖−1𝑗𝐷𝑖𝑗
𝑖−1𝑗
Δ𝑋
 
[𝐶𝑖𝑗]𝑠 = −
?̅?𝑖𝑗𝐷𝑖+1𝑗
𝑖𝑗 − ?̅?𝑖−1𝑗𝐷𝑖+1𝑗
𝑖−1𝑗
Δ𝑋
 
[𝛿𝑖𝑗]𝑠 =
1
Δ𝑋
 ?̅?𝑖𝑗[𝐻𝑖𝑗 − (𝐷𝑖−1𝑗
𝑖𝑗 𝑃𝑖−1𝑗 + 𝐷𝑖𝑗
𝑖𝑗𝑃𝑖𝑗 + 𝐷𝑖+1𝑗
𝑖𝑗 𝑃𝑖+1𝑗)]
− ?̅?𝑖−1𝑗[𝐻𝑖−1𝑗 − (𝐷𝑖−1𝑗
𝑖−1𝑗𝑃𝑖−1𝑗 + 𝐷𝑖𝑗
𝑖−1𝑗𝑃𝑖𝑗 + 𝐷𝑖+1𝑗
𝑖−1𝑗𝑃𝑖+1𝑗)] 
Squeeze flow contribution 
[𝐴𝑖𝑗]𝑡 = −
?̅?𝑖𝑗𝐷𝑖−1𝑗
𝑖𝑗
Δ𝑇
 
[𝐵𝑖𝑗]𝑡 = −
?̅?𝑖𝑗𝐷𝑖𝑗
𝑖𝑗
Δ𝑇
 
[𝐶𝑖𝑗]𝑡 = −
?̅?𝑖𝑗𝐷𝑖+1𝑗
𝑖𝑗
Δ𝑇
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[𝛿𝑖𝑗]𝑡 =
1
Δ𝑇
 ?̅?𝑖𝑗[𝐻𝑖𝑗 − (𝐷𝑖−1𝑗
𝑖𝑗 𝑃𝑖−1𝑗 + 𝐷𝑖𝑗
𝑖𝑗𝑃𝑖𝑗 + 𝐷𝑖+1𝑗
𝑖𝑗 𝑃𝑖+1𝑗)] −
?̅?𝑖𝑗
𝑛−1𝐻𝑖𝑗
𝑛−1
Δ𝑇
  
The individual contributions from all the terms in the Reynolds equation are summed 
up to build coefficients 𝐴𝑖𝑗 (equation (3-23)),  𝐵𝑖𝑗 (equation (3-24)), 𝐶𝑖𝑗 (equation 
(3-25)) and 𝛿𝑖𝑗 (equation (3-26)) of the system of equations (3-22).  Now the 
coefficient matrix is built from the entrainment terms as well and when the pressure 
flow becomes weak, the coefficient matrix still holds its diagonal dominance due to 
these entrainment terms. This is because the deformation matrix has its highest value 
at the point of application of pressure. Thus the semisystem approach ensures 
numerical stability even at higher pressures and severe conditions by ensuring that the 
coefficient matrix stays diagonally dominant. 
3.6.4 The unified solution algorithm 
The semisystem approach ensures numerical stability by including the dominant terms 
in developing the coefficient matrix. The idea behind the unified solution algorithm 
is to use the same Reynolds equation to handle the asperity contacts as well. This 
means that the pressures in the asperity-asperity contact regions is also calculated by 
the Reynolds equation. It is believed that when the film thickness approaches zero 
(ℎ ≈ 0) the same Reynolds equation will give the same pressures as the contact 
mechanics equations [75, 83]. 
The physical meaning of the Reynolds equation is a balance between fluid flows. The 
first two terms represent the fluid flow due to pressure while the third term represents 
the lubricant flow due to the movement of surfaces along tangential direction (wedge 
effect) and the last term represents the lubricant flow due to the vertical movement of 
the surfaces (squeeze effect). The constraint of zero film thickness can be 
mathematically written as 
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lim
ℎ→0
[[
𝜉
𝑖−
1
2
,𝑗
𝑃𝑖−1,𝑗−(𝜉𝑖−1
2
,𝑗
+𝜉
𝑖+
1
2
,𝑗
)𝑃𝑖𝑗+𝜉𝑖+1
2
,𝑗
𝑃𝑖+1,𝑗
Δ𝑋2
] +
[
𝜉
𝑖,𝑗−
1
2
𝑃𝑖,𝑗−1−(𝜉𝑖,𝑗−1
2
+𝜉
𝑖,𝑗+
1
2
)𝑃𝑖𝑗+𝜉𝑖,𝑗+1
2
𝑃𝑖,𝑗+1
Δ𝑌2
]]  =  0  
Under this constraint, the Reynolds equation reduces to 
 
𝜕(?̅?𝐻)
𝜕𝑋
+ 
𝜕(?̅?𝐻)
𝜕𝑇
= 0                                             (3-29) 
At the border of the contact region, the squeeze terms are not zero. But once the node 
under consideration is essentially inside the contact, the squeeze terms are also turned 
off and the Reynolds equation further reduces to 
 
𝜕(?̅?𝐻)
𝜕𝑋
= 0                                              (3-30) 
This gives the idea that the same equation system can be used to calculate the contact 
pressures as well. The same loop goes through all the nodes of the Reynolds equation 
without distinction of whether the node is a fluid lubricated node or the solid contact 
node. Depending upon the film thickness constraint, the pressure flow terms are 
turned off from the solution procedure. If the node also satisfies the criteria that 
𝜕𝐻
𝜕𝑥
≈
0 the squeeze terms are also turned off. There is no need to define the boundary 
between the contact and fluid regions and the already existing algorithms for solving 
the Reynolds equation can be used by simply adding these constraints. 
3.6.5 The line by line TDMA solver  
As discussed before, two types of solvers are available to solve linear algebra 
problems: direct solvers and iterative solvers. The direct solvers being more accurate 
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are favoured if the limitations of memory and computational cost can be avoided. In 
this section, the objective of getting such a solver is outlined. If the discretized 
Reynolds equation can be formulated as a sparse banded system, the solution can be 
obtained by using the Thomas algorithm which is a special case of Gaussian 
elimination for banded systems. 
The Thomas algorithm is also called the tridiagonal matrix algorithm [150] (TDMA). 
Implementation of the TDMA algorithm in different programming environments and 
are readily available. The TDMA algorithm has been implemented as part of the 
highly optimized lapack and blas libraries as well, which are a part of the intel MKL 
libraries. The developed FORTRAN program needs to be interfaced with the MKL 
libraries to use this default implementation. 
The issues with the direct solvers i.e. higher memory requirements and huge 
computational costs can be very efficiently reduced by using the TDMA algorithm. It 
boasts the same accuracy as the elimination solvers yet requires very low memory due 
to its sparse banded nature. Instead of having one huge matrix with zeros all over 
except the middle banded region, the elements of individual bands are stored as 
vectors and passed over to the TDMA algorithm reducing the memory requirements 
significantly. The Thomas algorithm (although a simplification of Gauss elimination) 
requires far fewer operations to complete one calculation cycle as only one matrix 
entry is eliminated from a row during forward elimination. Finally a backward 
substitution step produces the vector of unknowns. Thus, the numerical cost of 
computing is reduced to O(N) for N equations. The result is better accuracy at low 
cost. The TDMA algorithm is very famous among the Computational Fluid Dynamics 
(CFD) community. 
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The direct solution procedure adopted in this study to solve the ML problem forces 
the solution procedure to iterate between film thickness and pressure calculations. 
Thus, the solution to the problem can be obtained by iterating several times between 
the film thickness (deflection) and pressure (Reynolds equation) solution to get the 
pressure profile and film thickness with desired convergence of load and pressures. 
3.7 Implications of reduced Reynolds equation: weak 
coupling 
An inherent issue with the unified solution algorithm is the weak coupling under 
heavily loaded conditions when the reduced Reynolds equation (equation 
𝜕(?̅?𝐻)
𝜕𝑋
+
 
𝜕(?̅?𝐻)
𝜕𝑇
= 0                                           (3-28) to equation (3-30)) is used. The 
mathematical character of the Reynolds equation changes from purely elliptical to a 
1-D transport equation. The reduced Reynolds equation has two implications [29] that 
need to be considered to develop a robust solver for ML problems: 
1. The reduction of the 2-D problem to a 1-D problem altogether removes the 
coupling in Y-direction. In reality the coupling does not vanish but becomes 
very weak. This is treated by solving the system line by line rather than on a 
point by point basis. 
2. The equation becomes purely integral in character and this needs special 
treatment. The complete solution is governed by the film thickness derivatives. 
This requires special treatment to distribute the effect of this high pressure to 
surroundings. 
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Figure 3-5: Illustration of the tridiagonal matrix formation. This matrix forms for a 
single line in the solution domain. 
Thus, the TDMA algorithm is applied in a line by line manner rather than on a point 
by point basis. The solution to a single grid line is obtained at once using the Thomas 
algorithm. The system of equations for a single line is of the form 𝐴𝑌 = 𝐵 and is 
represented in Figure 3-5. The coefficient matrix is a sparse matrix with the only non-
zero entries on the main diagonal and the line just above and below it. 
To represent the line by line application of the Thomas algorithm, the  computational 
domain mesh needs to be visualized. A line means that the values for one of the indices 
is fixed and the system of equations is built by moving along the other index value. 
The algorithm can be applied along increasing or decreasing y-index values and is 
applied to each successive line along the Y-index. In the Figure 3-6, the action is 
 𝛼𝑖±𝑘,𝑗±𝑙𝑃𝑘,𝑙   =  𝛿𝑖,𝑗  
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explained starting from a certain value of (𝑖, 𝑗) index the system of equations is built 
for a complete line in lexographic order. 
 
Figure 3-6: The line by line TDMA algorithm explained. The numerical flow of 
information is shown by arrows. Note: the information flow direction can be along 
other directions as well but the line by line solution should be performed. 
Thus, the line in the computational domain is then solved by using the TDMA 
algorithm and then the solution moves to the next value of Y-index and another line 
is solved. This way the complete domain is scanned and a new pressure guess 
obtained. The pressure and film thickness values are updated as soon as the solution 
is obtained for a particular line. This ensures that more information is included into 
the solution procedure and the solution speed increases. 
This technique of solving the system of equations gives a key advantage over the 
conventional Gauss-Seidel and Jacobi iterative solvers by giving greater coupling and 
Y 
X 
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using more values from the current step. This can be appreciated by looking at the 
stencil of calculations formed by each as shown in Figure 3-7. 
 
Figure 3-7: The superior performance achieved by the line by line TDMA algorithm 
explained for solution on a single node. For comparison, the nodal Gauss-Seidel and 
Jacobi stencils are also given. 
3.7.1 Implementation of the unified solution algorithm 
The details of implementing the unified solution algorithm are seldom found in the 
literature. Thus, in this section the details are presented for the way the solution 
scheme was implemented in this study.  
The idea is simple and so is the implementation. The algorithm for the solution of the 
Reynolds equation stays the same. The implementation requires turning off the 
pressure flow terms when the film thickness hits zero. This is done by checking film 
thickness at every node. If the film thickness is zero or very close to zero (molecular 
dimensions), the coefficients of the Reynolds equation are put to zero and the film 
thickness also becomes zero. With minimal modifications, the direct iterative 
approach is very easily extended to mixed lubrication cases. This improves the 
Values at current iteration step 
Values from previous iteration step X 
Y 
Gauss-Seidel Jacobi Line by line TDMA 
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convergence and stability of the direct approach as whenever film thickness becomes 
less than a critical value the numerical overflow caused by the very small values of 
Reynolds coefficients is avoided by intentionally putting them equal to zero. 
Mathematically, if 𝐻(𝐼, 𝐽) < 𝜖 where 𝜖 is comparable to molecular dimensions 𝜉𝑖𝑗 =
0 for the particular indices 𝑖, 𝑗. 
3.7.2 Implementation of boundary conditions 
The discussion about the TDMA algorithm is incomplete without the discussion of 
boundary conditions. The application of boundary conditions is crucial to get correct 
results. There are two boundary conditions to be applied. The zero pressure at the 
edges of the domain (𝑃(𝑋, 0) = 𝑃(0, 𝑌) = 𝑃(𝑋, 𝑁) = 𝑃(𝑁, 𝑌) = 0) and the general 
cavitation boundary condition (𝑃(𝑋, 𝑌) ≥ 0). The cavitation boundary condition is 
applied by enforcing the pressures to be always greater than zero. The implementation 
of zero pressure at the edges is slightly tricky. It is achieved by enforcing the first 
entry of the lower diagonal elements 𝐴𝑖𝑗 and the last entry of the upper diagonal 
elements 𝐶𝑖𝑗 to be zero for every single grid line in the computational domain. In this 
way the zero pressure boundary condition at the edges diffuses into the system along 
successive Y-indexed values. For one particular line, representing a system of 
equations, the application of boundary conditions is illustrated in Figure 3-8. 
The application of boundary conditions in this way ensures that the zero pressure is 
applied to the boundaries and this pressure diffuses in towards the contact. Thus, the 
cavitation boundary forms automatically and is an indication of converged solutions.  
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Figure 3-8: The application of boundary conditions for the TDMA algorithm. The 
boundary condition of zero pressure diffuses inwards to define the cavitation 
boundary. 
3.7.3 Relaxation scheme and convergence criteria 
The relaxation scheme used to update the pressure guess in each iteration is specified 
in this section. The relaxation scheme ensures smooth convergence of the solution 
from the initial guess to the final result and dictates the proportion of the updated 
value to be taken from the current iteration step and the previous iteration step. The 
relaxation scheme used is: 
𝑃𝑛𝑒𝑤
′ = 𝑃𝑜𝑙𝑑 + 𝑓 (𝑃𝑛𝑒𝑤 − 𝑃𝑜𝑙𝑑) 
In this equation, 𝑃𝑛𝑒𝑤 is the pressure guess from the current iteration step while 𝑃𝑛𝑒𝑤
′ 
is the updated pressure after the current iteration. The pressure, 𝑃𝑜𝑙𝑑 is taken from the 
previous iteration. The factor, f is called the relaxation factor and its value in the 
current study is kept between 0.02 and 0.2. 
𝐴𝑖𝑗 = 0 
𝐶𝑖𝑗 = 0 
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The updated pressures, 𝑃𝑛𝑒𝑤
′ are compared against the values from the previous 
iteration, 𝑃𝑜𝑙𝑑to calculate the pressure difference and the normalized value of this 
pressure difference is used as a convergence criterion.  
𝐸𝑟𝑝 =  
∑  (𝑃𝑛𝑒𝑤
′ − 𝑃𝑜𝑙𝑑)
∑𝑃𝑜𝑙𝑑
 
The convergence of the pressure guess is fixed at 𝐸𝑟𝑝 ≤ 1.× 10−6 for all the results 
presented in chapter 3 and chapter 4. While performing the tribofilm growth 
calculations in the later chapters (chapter 5, 6 and 7) the pressure convergence is 
relaxed a bit to 𝐸𝑟𝑝 ≤ 1.× 10−4 and sometimes when the changes along iterations 
become smaller after the running in period, the convergence criteria is further relaxed 
to 𝐸𝑟𝑝 ≤ 5.× 10−4. I am using these values throughout the thesis unless otherwise 
stated. 
The convergence of the load balance condition is also important as this condition 
ensures that the obtained solutions are the true pressure guess that balances the applied 
load. Due to the fact that the load balance condition is used to update the undeformed 
gap 𝐻𝑜 in the film thickness equation, the error or the convergence criteria for the load 
balance condition is determined as, 
𝐸𝑟ℎ =  
𝐻𝑜
𝑛𝑒𝑤 − 𝐻𝑜
𝑜𝑙𝑑
𝐻𝑜
𝑜𝑙𝑑  
In this equation, the “new” value of 𝐻𝑜 is obtained at the current step within the 
pressure calculation iteration while the “old” value of 𝐻𝑜 refers to the value obtained 
when the load balance loop was called the previous time during the same pressure 
calculation iteration / loop. In the current thesis, the error in the load balance criterion 
is set at 1.× 10−5 ≤  𝐸𝑟ℎ ≤ 1.× 10−6 unless otherwise stated. 
- 78 - 
3.8 Deformation convolution using Fast Fourier 
Transforms (FFTs) 
 The deformation in contact mechanics is calculated with the Boussinesq formulation 
[151]. The nodal pressure is approximated with an interpolation function within small 
elements of the half space and a flexibility matrix is constructed. The flexibility matrix 
is also called deformation coefficient matrix / influence coefficient matrix etc. Finally, 
a linear combination of nodal pressures at every node gives the deformation at the 
node. This is mathematically written as 
𝑉(𝑋𝑖, 𝑌𝑗) =  ∑ 𝐾(𝑋𝑖 − 𝑋𝑘, 𝑌𝑗 − 𝑌𝑙) ∗ 𝑃(𝑋𝑘, 𝑌𝑙)
𝑀−1
𝑘=1   (3-31) 
This equation is in fact a 2-D linear convolution. This equation cannot be used as such 
to calculate deformation using the FFTs because the application of FFTs requires that 
the convolution theorem is satisfied. This theorem is satisfied for cyclic convolutions 
but not for the linear convolutions of this type. Thus the equation (3-31) has to be 
converted to a cyclic convolution form to apply the powerful technique of FFTs. This 
fact was explained by Liu et al [152] although the idea of using FFTs to calculate the 
deformation convolution was first introduced by Ju and Farris [153]. Liu et al. 
suggested that the flexibility matrix and pressure are pre-treated so that the above 
equation could resemble a cyclic convolution. 
Linear convolutions occur quite often in tribology e.q. in temperature rise calculations 
and stress calculation. The linear expressions as such require N2 multiplication 
operations for an N numbered series if direct multiplication method is used [152]. This 
poses severe limitations to the use of refined grids and the process is computationally 
very expensive. Brandt and Lubrecht introduced and applied the multilevel multi-
integration methods to significantly improve the computational efficiency of 
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deformation calculation [154]. Ju and Farris [153] realized that the FFTs could reduce 
the computation significantly but they observed that large errors occurred near the 
border of the solution domain which could be avoided by having a large ratio of five 
to eight between the computational and physical domain of the problem [155]. Liu et 
al performed a detailed study of these errors and presented a robust approach to apply 
FFTs without sacrificing the solution accuracy [152]. 
The pre-treatment involves doubling the computational domain for both pressure and 
flexibility matrix. For a point contact with N*N nodes, this means extending the 
domain to 2N*2N. The extended pressure matrix contains the original pressure matrix 
for the corresponding indexed values and for the rest of the terms in the 2N*2N matrix, 
the domain is zero padded. For the flexibility matrix, the process is a more complex. 
The extended flexibility matrix is filled first with values of the corresponding indices 
in the first quadrant. Then for all 𝑖 = 𝑁, ∀ 𝑗 and 𝑗 = 𝑁, ∀ 𝑖 the corresponding entries 
are zero and this is referred to as zero padding. Then for the remaining entries in the 
second, third and fourth quadrants, the corresponding values of the original flexibility 
matrix are input in reverse order as shown in Figure 3-9.   
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Figure 3-9: Modifications required to change the linear convolution to the cyclic 
convolution. These modifications are necessary for applying the FFT procedure to 
solve convolution. 
The procedure has been simplified by Liu et al. [152] in the following steps: 
1. Determine the influence coefficient matrix {𝐾𝑖𝑗}𝑁∗𝑁 
2. Expand the matrix {𝐾𝑖𝑗}𝑁∗𝑁 to {𝐾𝑖𝑗}2𝑁∗2𝑁 
o {𝐾𝑖𝑗}2𝑁∗2𝑁 = {𝐾𝑖𝑗}𝑁∗𝑁 ∀ 
[0, 𝑁 − 1: 0, 𝑁 − 1] 
o {𝐾𝑖𝑗}2𝑁∗2𝑁 = 0 ∀ [𝑁, 2𝑁 − 1:𝑁, 2𝑁 − 1] (zero padding) 
o {𝐾𝑖𝑗}2𝑁∗2𝑁 = {𝐾𝑖𝑗}2𝑁−𝑖∗𝑗  ∀ [𝑖 ∈ 𝑁 + 1,2𝑁 − 1] (wrap around) 
o {𝐾𝑖𝑗}2𝑁∗2𝑁 = {𝐾𝑖𝑗}𝑖∗2𝑁−𝑗  ∀ [𝑗 ∈ 𝑁 + 1,2𝑁 − 1] (wrap around) 
3. Apply FFT to {𝐾𝑖𝑗}2𝑁∗2𝑁 to get {𝐾𝑖?̂?𝑠}2𝑁∗2𝑁
 in Fourier space 
4. Expand the pressure array {𝑃𝑖𝑗}𝑁∗𝑁 to {𝑃𝑖𝑗}2𝑁∗2𝑁. Apply zero padding to all 
additional terms 
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……. 
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o {𝑃𝑖𝑗}2𝑁∗2𝑁 = 𝑃𝑖𝑗  ∀ [0, 𝑁 − 1: 0, 𝑁 − 1] 
o {𝑃𝑖𝑗}2𝑁∗2𝑁 = 0 ∀ [𝑁, 2𝑁 − 1:𝑁, 2𝑁 − 1] 
5. Apply FFT to {𝑃𝑖𝑗}2𝑁∗2𝑁 to get {𝑃𝑖?̂?𝑠}2𝑁∗2𝑁
 in Fourier space 
6. Multiply the two series term by term in the Fourier space to obtain a temporary 
series 
o {𝑉𝑖?̂?𝑠}2𝑁∗2𝑁
= {𝐾𝑖?̂?𝑠}2𝑁∗2𝑁
∗ {𝑃𝑖?̂?𝑠}2𝑁∗2𝑁
 
7. Apply Inverse FFT to this temporary series to obtain the extended series in 
real space 
o {𝑉𝑖𝑗}2𝑁∗2𝑁 = 𝐼𝐹𝐹𝑇 ({𝑉𝑖?̂?𝑠}2𝑁∗2𝑁
)  
8. Discard the extended terms (all except the corresponding values to get the 
actual deflection 
o {𝑢𝑖𝑗}𝑁∗𝑁 = {𝑉𝑖𝑗}2𝑁∗2𝑁 ∀ (0, 𝑁: 0, 𝑁) 
The influence coefficient produced by this implementation in this study is presented 
in Figure 3-10 along with the modified, pre-treated coefficient matrix.   
 
Figure 3-10: The influence matrix plotted over the entire domain. (a) shows the 
original influence matrix (b) shows the influence matrix after pre-treatment, modified 
to account for cyclic convolution as explained. 
(a) (b) 
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3.9 Implementation of fftw1 library in FORTRAN 
FFTW is a free software tool under the GNU public license. It stands for “Fastest 
Fourier Transforms in the West”. This library was developed at MIT by Matteo Frigo 
and Steven G Johnson [156]. FFTW is a C library for computing discrete Fourier 
Transform (DFT). The FFTW library can compute DFT in single and multiple 
dimensions and for any input size and can handle real as well as complex input. The 
FFTW library has superior performance over other public FFT utilities as well as some 
commercial optimized applications. But the key advantage of using FFTW library is 
that it gives high portability. 
The FFTs can be computed by either adding a small subroutine into the FORTRAN 
program as given in Numerical Recipes in FORTRAN [157, 158] or by using the 
highly optimized FFTW library. 
FFTW is a C library. It has different ways to interface to either FORTRAN or C 
programming languages. For FORTRAN programming the interface is different for 
the post-2003 FORTRAN standard and the pre-2003 FORTRAN standard. Only the 
pre-2003 interface will be explained as this was used in the current work. In the 
following paragraphs, the specific lines from the FORTRAN computer code 
developed in this study are given. 
First of all the FFTW library is to be loaded as a module in ARC2
2
 high performance 
computing (HPC) facility at Leeds. Once loaded the library can be used inside a 
FORTRAN program by using compiler flags 
                                                 
1 www.fftw.org  
2 http://arc.leeds.ac.uk/systems/arc2/  
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ifort –o run.exe testworking_64.f90 –lfftw3 
The last part in the above command “–lfftw3” is the compiler flag to specify the use 
of FFTW library. In addition to this there are some constants used by FFTW 
FORTRAN interface that need to be included into the main program before calling 
any FFTW functions. A file containing these constants can be found from the library 
homepage. This file is placed in the same folder where the program is being compiled 
and executed, and is included via the instruction: 
Include fftw3.f90 
 All the FFTW functions have equivalent calling functions in FORTRAN. Extra care 
should be taken to ensure data type compatibility. The usage of FFTW library requires 
steps 
o Allocating the input and output arrays 
o Creating the plan 
o Execution of plan: Computing the Discrete Fourier Transform (DFT) 
o Destroy the plan (deallocation) 
These steps are illustrated in Figure 3-11 
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Figure 3-11: The application of the fftw library to numerically solve the convolution 
of pressure and deformation matrix using FFTs. The actual lines from the Fortran code 
used are given. 
FFTW allows computation of either in-place (real) FFTs or out-of-place (complex) 
FFTs. Both give the same end result. The application of in-place FFTs is complex and 
the actual input array is modified but this technique pays off in terms of lower memory 
requirement. This is important as the extended domain for cyclic representation of the 
linear combination increases memory requirements. The use of in-place FFTs can 
reduce further memory increase during transformation. In this study, in-place FFTs 
were implemented and all subsequent results were also obtained using in-place FFTs. 
real ( kind = 8 ) PFFT(nx,ny)                Pre-treated pressure array 
real ( kind = 8 ) AKTEMPin(nx,ny)       Pre-treated flexibility matrix 
complex ( kind = 8 ) out1(nh,ny)          Output array to hold transformed pressures 
complex ( kind = 8 ) out2(nh,ny)          Output array to hold transformed flexibility matrix 
 
STEP1: Allocating input and output arrays 
integer ( kind = 8 ) plan_forward1                Declaration of plan 
call dfftw_plan_dft_r2c_2d_ 
(plan_forward1,nx,ny,AKTEMPin,out1,FFTW_ESTIMATE)      Creation of plan 
call dfftw_execute_ (plan_forward1)                                      Execution of plan 
STEP2: Creation and execution of plan (execution: computing transforms) 
STEP3: Destroy plan 
integer ( kind = 8 ) plan_forward1                Declaration of plan 
call dfftw_plan_dft_r2c_2d_ 
(plan_forward1,nx,ny,AKTEMPin,out1,FFTW_ESTIMATE)      Creation of plan 
call dfftw_execute_ (plan_forward1)                                      Execution of plan 
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3.10 Validation of the Mixed lubrication model 
3.10.1 Criteria 
The model needs to be tested. The model should be able to reproduce the film 
thickness (minimum and central) for specific cases. The cases chosen are from the 
published studies. For comparison of steady state results, the model is tested against 
the work of Liu et al. [80] and for transient cases, the model is tested against the work 
of Pu et al. [149]. The ability of the numerical model to reproduce the central and 
minimum film thickness comparable to these simulation studies is considered as the 
criteria to confirm the quality and validity of the current approach. 
It was reported by Morales-Espejel et al [159] that at ultra-low speeds, the EHL / ML 
models are prone to mesh dependence, see Figure 3-12. As the speed decreases, the 
film thickness predictions become more and more dependent upon the mesh density 
used. To understand this, let us visualize the inlet region (The same applies to the exit 
region as well).  
It can be seen that the gradient of pressure at the inlet varies. At higher speeds, the 
pressure profile builds slowly over the correspondingly large inlet area while at lower 
speeds, the inlet region is small and a very large change in pressure takes place over 
this small region. Thus, coarser meshes will not be able to capture this. 
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Figure 3-12: The discontinuities at the entrainment of contact leading to the grid 
dependence of the mixed lubrication / EHL solutions [159]. 
Therefore, the build-up of film thickness in the central region depends upon the 
entrainment action. To capture the inlet region either the mesh needs to be refined or 
higher order of integration methods used. For detailed analysis, see references [159, 
160]. 
In the following paragraphs, the effect of mesh density on the film thickness in the 
ML / EHL model is presented. These results are for the separate first order backward 
differencing scheme for the Couette and Squeeze flow terms. The results are presented 
for three different speed groups: High speeds, intermediate speeds, low speeds. 
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This has been previously studied in detail by Liu et al [80]. The purpose of repeating 
these simulations is to first of all justify the mesh sizes that are going to be used in the 
current study and secondly to validate the results from the current method with the 
published work. 
 
Figure 3-13: Grid justification for high to medium speed simulations in a mixed 
lubricated contact. The increase in film thickness with grid refinement is noticeable. 
For higher speeds, as shown in Figure 3-13, the effect of mesh density on the 
minimum film thickness is rather small but the central film thickness is affected 
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considerably. There is an increase in the value of minimum film thickness initially 
while moving from a mesh of N=64 to N=256 but with further refinement in mesh 
density, the change is very small. For the speed of 1.25 m/s, the central film thickness 
value decreases from a large value to a limiting value of approximately 550 nm (which 
is the Hamrock and Dowson value for the same working conditions). The central film 
thickness, on the other hand, continues to vary with mesh refinement. When the speed 
is 312.5 mm/s, the central film thickness value increases first when changing N from 
64 to 128 but with further mesh refinement it decreases asymptotically to the value of 
240 nm (the Hamrock and Dowson value being approx. 220 nm). The same trend is 
also observed for the rolling speed of 100 mm/s. The central film thickness value 
increases first and then decreases asymptotically to a value of 108 nm (the Hamrock 
and Dowson value is 101 nm). For very high speed case (1250 mm/s) the central film 
thickness only decrease with increase in mesh density but for the other two speeds, 
312.5 mm/s and 100 mm/s, the central film thickness increases first and then decrease. 
On the other hand, the minimum film thickness only increases for all speeds. 
For the intermediate speed range (less than 100 mm/s) the effect of mesh density on 
the minimum film thickness is quite obvious and cannot be neglected. Two cases of 
speeds are shown in the Figure 3-14. The higher speed case, 30 mm/s shows that the 
central and minimum film thickness values approach an asymptotic value with the 
range of mesh sizes used. For the speed of 10 mm/s, the mesh dependence of the 
minimum film thickness is obvious even for the finest mesh used. This indicates 
increased sensitivity of the results upon mesh size.  
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Figure 3-14: Grid justification for medium speed simulations in a mixed lubricated 
contact. The dependence of film thickness results on the grid density is more 
pronounced. 
The low speed cases all represent the characteristic mesh dependence of the finite 
differencing scheme. For 1 mm/s rolling speed, the minimum film thickness is 0.47 
nm (in these computational experiments minimum film thickness for the application 
of unified solution algorithm was set to 0.47 nm) no matter what mesh density is used 
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while the central / average film thickness is a function of mesh density and reaches an 
asymptotic value as the mesh is refined. The same trend is observed when the speed 
is 3 mm/s, the only difference being the very small value of film thickness developed 
towards the finest mesh of N=1024 as seen in Figure 3-15. It is to be noted that the 
minimum film thickness value stays zero for almost all the rest of the cases for both 
the ultra-low speeds.  
 
Figure 3-15: Grid justification for ultra-low speed simulations in a mixed lubricated 
contact. The choice of grid density strongly affects the results at such low speeds. 
Next a comparison is made between the mesh justification results from the current 
study with the results presented by Liu et al [80]. They have presented calculations 
for varying mesh density for different speeds using seven different discretization 
schemes for the Couette and squeeze terms. We use the first order backward scheme 
that is consistent with scheme-1 in their results. A comparison is presented in the 
Figure 3-16 and Figure 3-17 . The correlation is very good for all speeds. But there 
are quantitative differences in values at higher speeds with our methodology 
producing slightly larger values of central film thickness. This may be because of 
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transient calculations performed in this study while it was not mentioned in the work 
of Hu and Zhu [76] if the calculations were transient or steady. 
To further demonstrate the validity of the model, a series of simulations have been 
performed to compare the predictions of the model against the existing literature [75]. 
The working conditions, computational domain and the mesh density are kept the 
same and simulations are run by varying the speed from very high values of 15000 
mm/s down to very low values of 0.001 mm/s. This large range of speeds is used for 
two reasons. First of all to simulate the transition from pure EHL through mixed down 
to boundary lubrication and secondly to check the robustness and stability of the 
present technique. The simulations were performed for a smooth surface contact. The 
part (a) in Figure 3-16 is compared against part (a) in Figure 3-17, and similarly Figure 
3-16 (b) is compared against Figure 3-17 (b). The comparison is made against the 
work of Zhu and Hu [75, 76]. The agreement is excellent not only qualitatively but 
quantitatively as well. 
These simulations were performed by using the transient mode calculations. The 
system was allowed to move to steady state by taking up values of the initial guess 
from the previous step. Thus, the plots are showing the results of pressure profile and 
film thickness that are obtained after a certain number of steps required for the system 
to settle down. Another important point to be noted is that these calculations 
correspond to static surfaces i.e. the surfaces of ball and disc are not moved due to 
their speeds. This simplification was introduced earlier in this chapter and is explained 
in Figure 3-1. 
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Figure 3-16: The pressure and film thickness profiles at the middle cross-section of 
contact from current study. (a) speed 15000 mm/s  (b) speed 0.001 mm/s. Current 
study. 
(a) 
(b) 
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Figure 3-17: The pressure and film thickness profiles at the middle cross-section of 
contact. (a) speed 15000 mm/s  (b) speed 0.001 mm/s. These plots are from ref. [76]. 
Next, results are presented for the complete range of speeds to see the transition of 
film thickness values from the full film to zero film thickness. The contact area ratio 
(a) 
(b) 
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as a function of speed is also presented. The results give a clear indication of the ability 
and robustness of the model to predict the transition of lubrication states from full film 
down to boundary lubrication. 
These simulations correspond to smooth surfaces. The solution domain is defined as 
−1.9 ≤ 𝑋 ≤ 1.1 and −1.5 ≤ 𝑌 ≤ 1.5. This domain is divided by a uniform grid of 
129*129 nodes. Thus, the non-dimensional grid size is Δ𝑋 = Δ𝑌 = 0.023. The non-
dimensional time step is chosen to be half of the spatial time step Δ𝑇 =  
Δ𝑋
2
= 0.0117. 
The operating conditions are kept the same as those taken by Zhu and Hu [76]. A load 
of 𝑊 = 800 𝑁 is applied and the combined material elastic modulus is 𝐸′ =
219.78 𝐺𝑃𝑎. A value of 𝜂𝑜 = 0.096 𝑃𝑎. 𝑠 is used for the ambient viscosity and the 
pressure viscosity coefficient is fixed at 𝛼 = 18.2 𝐺𝑃𝑎−1. The equivalent radius is 
𝑅𝑥 = 19.05 𝑚𝑚 is used. The resulting Hertzian pressure is 1.711 GPa and the half 
width of Hertzian contact is ≈ 470 𝜇𝑚. The entrainment speed, 𝑈𝑟 is changed from a 
very large value of 5000 mm/s to 0.001 mm/s.  
The entrainment speed is changed throughout the simulation to simulate the transition 
of lubrication from full film down to boundary lubrication. The simulation starts with 
the highest speed of 5000 mm/s and the solution is allowed to reach a steady state. 
Then the speed is reduced to a lower value and the simulation is again allowed to 
reach a steady state. Thus, the speed is reduced in steps and then the system is allowed 
to stabilize and the results are written and plotted.     
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Figure 3-18: The mixed lubrication parameters contact area ratio (normalized) and the 
central film thickness plotted against the rolling speed. The entire transition of 
lubrication from full film down to boundary lubrication can be seen. The speeds 
corresponding to transition from full film to mixed and from mixed to boundary have 
been marked by the vertical lines. 
The results presented in Figure 3-18 show that the central film thickness value reduces 
significantly coming down from 5000 mm/s to about 300 mm/s while the contact area 
ratio is zero. As soon as the speed approaches 300 mm/s, the solid contact starts to 
occur and the lubrication regime transits from full film EHL to mixed lubrication state. 
This has been clearly indicated in the graph with a red line for clarity. With further 
reduction in speed, the decrease in central film thickness reduces further and the 
contact area ratio starts to increase. The increase in contact area ratio is slow in the 
beginning but it increases abruptly below ≈ 50 𝑚𝑚/𝑠 reaching full 100 % solid 
contact state at 0.1 mm/s. The second red line at 0.1 mm/s indicates the transition from 
mixed lubrication regime to full boundary lubrication state where the complete contact 
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area is solid contact area. It is important to note that the model developed in this study 
gives smooth transition from the full film to boundary lubrication state as shown in 
Figure 3-18. 
3.11 Summary 
A computer program was written in Fortran 90 programming language from scratch 
to implement the mixed lubrication model. The numerical grid was justified for 
different speeds to address the key issue of grid dependence of numerical solutions of 
EHL results. The model was validated against published results, and  successfully 
produces results through the complete range of speeds tested and the lubrication 
transition studies can be performed. The model successfully predicts the transition 
from full film down to complete boundary lubrication. 
The equation system applicable to the mixed lubrication problem is the same as the 
EHL problem. But solving the system of equations to handle mixed fluid and solid 
contact spots requires the design of a robust solver. The Reynolds solver based upon 
traditional approaches like Gauss-Siedel and Jacobi are not applicable to high 
pressure, especially when actual asperity-asperity contact starts to occur. The 
coefficient matrix is constructed based upon the conventional approaches and it was 
suggested that the if the coefficient matrix is based solely upon the pressure flow terms 
the diagonal dominance is lost and the convergence halts. To overcome this, the semi-
system approach is selected, which requires the coefficient matrix to include terms 
from the entrainment flow terms of the Reynolds equation as well. Thus, when the 
pressure flow terms become too small, the entrainment flow terms become dominant 
and keep the dominance of the diagonal terms in the coefficient matrix. 
The pressure flow terms (2-D) are dominant at low pressures while the entrainment 
flow terms (1-D) are dominant at higher pressures. This results in changing the nature 
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of the problem from a purely differential to purely integral. The situation becomes 
more complex for rough surfaces. To address this issue, the unified solution algorithm 
is introduced, which enables the solution of the complete mixed lubrication problem 
by solving the solid and fluid contact pressures simultaneously by only solving the 
Reynolds equation. Thus, the developed model is suitable for performing lubrication 
transition studies and it was shown that the contact parameters can be readily 
identified for the transition from EHL to mixed and mixed to boundary lubrication. 
Inspiration was taken from the CFD literature and a TDMA solver was designed to 
solve the Reynolds equation. This solver is a simplified form of the Gauss elimination 
applied to the sparse matrices, especially the tridiagonal matrices as the name 
suggests. This method requires very low memory compared to the direct solvers as 
the matrix can be stored as three vectors which are solved by the Thomas algorithm 
to get the pressures. The TDMA algorithm has been implemented in almost all 
numerical libraries like NAG3, BLAS4 and LAPACK5 and highly efficient 
implementations are readily available which can be scaled on parallel platforms as 
well.  
At high pressures or low velocities, the pressure flow terms lose their dominance and 
thus the flow equation (Reynolds equation) loses its coupling in the y-direction. This 
is also one of the key reasons for the slow convergence of the mixed lubrication / EHL 
solvers. This issue was addressed by devising and implementing the TDMA solver in 
a line by line fashion. The discretized Reynolds equation is written in a sparse matrix 
                                                 
3 www.nag.co.uk  
4 http://www.netlib.org/blas/  
5 http://www.netlib.org/lapack/  
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form and the equation system is solved for each line in the numerical domain 
separately. These lines are coupled by the information that is transferred from one to 
the other during a single iteration. Thus, making solution quicker and convergence 
faster. 
The EHL / mixed lubrication solvers require the calculation of deformation which is 
integral. Thus, it requires the convolution of the influence coefficient and pressure as 
the influence of pressure at each point is to be taken on all other points inside the 
numerical grid. This requires 𝑁2 multiplication operations and as a result bottlenecks 
the solution procedure as it requires huge times for performing these convolutions in 
real space. Moreover, the problem scales as 𝑁2. Therefore the solution of EHL / mixed 
lubrication problems that require many iterations or where finer meshes (more grid 
points) are required cannot be accessed. But performing these convolutions in the 
frequency domain, using FFT (fast Fourier transforms), scales as 𝑁𝑙𝑜𝑔(𝑁) and 
requires comparatively less computational effort. The influence coefficient matrix and 
the pressure matrix are transferred to the frequency domain after pre-treatment and 
the multiplication is performed. Once the multiplication procedure is complete, the 
deformation is extracted from the frequency domain to the real domain. Although the 
pre-treatment increases the size of the matrices and more computer memory is 
required to store these matrices, the number of multiplication and addition operation 
operations are reduced significantly. The FFT method shows its true strength when 
accessing finer meshes. 
The traditional method for applying the FFT method is to use a bespoke published 
code [158]. The current study uses the FFTW6 libraries to solve the convolution of the 
                                                 
6 www.fftw.org  
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influence coefficient and the pressure. These libraries are freely available and are 
highly optimized and portable, though the use of the FFTW tool required interfacing 
with the Fortran programming language. The linear convolution was first converted 
into a cyclic convolution using the method of wrap around and zero padding. The 
cyclic convolution was then coded using the specific interface for Fortran 
programming to apply the FFTW libraries. 
The result is a highly optimized mixed lubrication solver that can handle the entire 
lubrication transition and is able to identify the transition parameters is developed. 
Grid sizes varying from very coarse to very refined mesh sizes are accessible and the 
problems involving larger number of iterations or longer simulations can be solved. 
The solver is coded in Fortran and all key issues that reduce computational efficiency 
are addressed.  Great effort is made in ensuring portability and versatility of the code 
and wherever possible, the standard libraries and methods are adopted to ensure 
maximum efficiency of implementation. 
     
- 100 - 
Chapter 4  
Elastic-Perfectly plastic deformation 
modelling in lubrication 
This chapter presents the development and implementation of the plastic deformation 
model within the mixed lubrication model developed in Chapter 3. It starts by 
presenting the algorithm from Sahlin et al [161] to simulate elastic-perfectly plastic 
deformation in contact analysis in section 4.1.1. Their method and algorithm is 
discussed and its limitations are highlighted as their algorithm is based upon the dry 
contact model so it needs modifications to be used in the unified mixed lubrication 
algorithm. Thus some modifications are suggested and the resulting algorithm is 
significantly modified. The modified algorithm is presented and discussed in section 
4.1.2. Then some sample simulations are presented to show the robustness and 
applicability of the algorithm in section 4.3. Finally, the model is validated by 
comparing against the work of Ren et. al. [162] in section Error! Reference source 
not found. and the results show very good match for the values of film thickness and 
plastic deformation. 
4.1 Model and Algorithm 
An elastic-perfectly plastic contact algorithm is developed and implemented for a 
lubricated contact. The existing unified mixed lubrication algorithm is modified and 
improved by extending it to include plasticity. The published work for elasto-plastic 
contact analysis is mainly for the dry contact cases. Ren et. al. [162, 163] presented 
elasto-plastic contact analysis for a lubricated contact in a series of papers. In the first 
paper, they give results for lubricated contact without actual solid to solid contact 
(they call it plastoelastohydrodynamic lubrication, PEHL). In such a situation the 
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lubricant pressure is high enough to cause permanent change. In the second set of 
simulations they present results for situations where the contact is mixed with load 
being carried by the surface asperities as well. 
The approach used in this study is based upon the work of Sahlin et al [161, 164]. 
They developed a scheme to simulate the elastic-perfectly plastic contact. Their 
scheme is very efficient. It provides convenient way to integrate plasticity into the 
existing lubrication models. The contact algorithm presented by the authors is based 
upon the flow factor technique and considers elastic-perfectly plastic condition only 
for the dry contact part of the problem. The dry contact problem is solved by the 
potential energy minimization technique by enforcing the complementarity condition 
to find the pressures and deformation. The implementation of this algorithm, in 
practice, to the lubricated contact is not straightforward and requires some 
modifications to the algorithm. The modifications are essential as the 
complementarity condition is no longer applicable to the lubricated contact solution 
algorithms. There are mainly two differences. First of all, the lubricant also generates 
pressure resulting in situations where there is no solid to solid contact and film 
thickness (gap) is still positive but the pressure has a value 𝑃 ≥ 0 (contrary to the 
complementarity condition). The second difference lies in the fact that the lubricant 
pressure can be high enough to cause plastic deformation of the contact. 
4.1.1 Sahlin et al. s’ Approach (existing) 
Among the very few methods to deal with the lubrication problem at engineering 
scales, the method of Sahlin et al [161] is an important step forward. They designed 
an algorithm to solve the elastoplastic contact problem based upon the hardness of 
material. The model could take real three dimensional roughness as input. This 
method relies on defining the deformation of the micro geometry in a specific way 
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and relating it to the overall displacement of the body. Instead of relying on the actual 
gap between the mating surfaces, the relative gap is considered. This gap is similar to 
the film thickness defined in the previous chapters and in mixed lubricated contacts it 
may be zero (𝑔𝑎𝑝 ≥ 0). They define the gap / film thickness as consisting of a global 
and a local component. The roughness is defined at the local scale. The strength of the 
model lies in integrating the information between the local scale of roughness to the 
global geometrical features of the contact. The undeformed film thickness is defined 
by simply adding the global geometry and the local roughness. It is to be noted that 
the index y in the current section corresponds to the local scale of roughness values 
and is not the y-axis in the Cartesian coordinate system. 
ℎ(𝑥, 𝑦) = ℎ𝑜(𝑥) + ℎ1(𝑦)  (4-1) 
Adding the deformation on the local scale to the above equation, the deformed film 
thickness equation is defined as 
ℎ(𝑥, 𝑦) = ℎ𝑜(𝑥) + ℎ1(𝑦) + 𝑢(𝑦)  (4-2) 
Now this total displacement, (𝑢(𝑦)) consists of an elastic part (𝑢𝑒(𝑦)) and a plastic 
part (𝑢𝑝(𝑦)). With this definition of gap / film thickness in mind, it can be visualized 
that the points of zero film thickness form a plane. This plane is called the “contact 
plane”. The rigid body displacement / movement defines this contact plane. This is 
because by definition, the contact plane is the plane that moves into a deformable 
counter body and due to this movement the surfaces will interfere. Sahlin et al. [161] 
define this distance as the rigid body interference and it is a constant that relates to the 
load carried by the surface. Their algorithm to solve the problem of elasto-plastic 
contact analysis is based upon identifying the nodes that undergo plastic deformation 
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and limiting the value of load carried by these nodes to the yielding pressure value. 
The pressures are then truncated and the truncated pressures are then used to calculate 
the deformation again. The contact plane is identified and the resulting plastic 
deformation at is calculated throughout the computational domain. This plastic 
deformation is then used to update the geometry by introducing permanent changes 
and the updated geometry then goes into the next iteration. 
4.1.2 The new algorithm: developed in current study 
The plasticity is a non-linear phenomenon and the calculation of the plastic 
deformation is rather a complex problem. But as outlined in the beginning of this 
chapter, the calculation of plastic deformation for engineering applications can be 
done by a simplified algorithm that considers elastic-perfectly plastic behaviour. This 
gives conservative estimates about the material failure and can be complimented by 
suitable selection of factors of safety.  
The integration of the elastic-perfectly plastic deformation calculation algorithm into 
the unified mixed lubrication algorithm is not easy due to the presence of lubricant 
and the calculation of lubricant and solid contact pressures by the same Reynolds 
solver. The main difference is that in the work of Sahlin et al. [161] the algorithm is 
applied to a boundary lubrication contact mechanics solver while in the current study 
an EHL model is solved using the advanced techniques to get solutions for extreme 
conditions of mixed fluid and solid contacts. Thus, the nodes corresponding to the “no 
contact” are no longer present and the condition of complementarity is no longer 
present.   
In the current study, an algorithm is developed to account for the presence of lubricant 
in calculating plastic deformation pressures. This new algorithm is inspired by the 
algorithm presented in the last section but fundamental differences exist. The 
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developed algorithm is outlined here and the flow chart can be seen in Figure 4-2. The 
terminology used in the flow chart is kept similar to the terminology used in the 
previous section but some differences exist and are explained where appropriate. The 
term [(ℎ1 + 𝑢𝑒)𝑒]𝑚𝑖𝑛 requires attention as this is the key term that differentiates our 
methodology. This is the minimum value of film thickness after subtracting the 
undeformed film thickness value from it. This value is chosen as it ensures that in 
successive iterations, the contact reaches a final equilibrium geometry where only 
elastic deformation is present. The parameter g00 as used in the previous section is 
analogous to the minimum value of rigid body interference in our algorithm. 
The Reynolds solver was described in the last chapter. The solver is modified  to 
include the elastic-perfectly plastic behaviour as follows: 
 The load balance condition is applied by only considering the pressures below 
the elastic yield limit to carry all the load. The plastically deforming spots are 
assumed to float to the surface forming a plane that penetrates the surface. 
 Do not truncate the pressures at this point. 
 The rest of the algorithm for the mixed lubrication problem stays the same and 
pressure and film thickness convergence criteria apply as well in exactly the 
same way. 
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Figure 4-1: A schematic representation of the penetration of plane of plastically 
deforming points. 
Once the converged pressure distribution has been achieved: 
 The pressures are truncated to the yielding pressure values.  
 Now the displacement is again calculated with this truncated pressure. This 
deformation contains both the elastic (𝑢𝑒(𝑦)) and the plastic (𝑢𝑝(𝑦)) 
component.  
 The contact plane is calculated as shown in Figure 4-1 calculated. To calculate 
the contact plane, only the elastically displacing points are used to calculate 
the rigid body interference. 
 The convergence of the contact plane is ensured. The criteria is not fixed and 
varies depending upon the applied load. For higher loads, this has to be 
relieved slightly. 
 The elasto-plastic rigid body interference is evaluated and its minimum value 
is taken out. 
Plane of plastic 
 deformation 
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 The plastic deformation (𝑢𝑝(𝑦)) is calculated by subtracting the rigid body 
interference from the maximum value of elastic displacement, only for the 
plastically deforming points. 
The flow chart in Figure 4-2 gives the general procedure for the application of the 
elastic fully plastic behaviour into the lubrication models. The model is robust and no 
distinction is required as to whether the nodes are under elastic or plastic deformation 
or if the points are under fluid lubrication or solid contact condition. Thus giving an 
ideal opportunity to study the complete lubrication transition studies at all possible 
loads. 
The steps in the algorithm have been labelled from 1 to 5 to highlight the key ideas 
necessary for the implementation of the model. The details of each step are provided 
below: 
1. In this step the actual mixed lubrication problem is solved. The additional 
condition of limiting the load to plastic yielding values is applied by limiting 
the values of pressures in the load balance condition. This ensures that the 
nodes / points that have yielded float without carrying any further load. 
2. Once the pressure and film thickness profiles have been obtained after 
applying step 1 above, the pressures are truncated and then the elastic 
deformation is calculated based upon these truncated pressures. This 
deformation is elastoplastic as it contains both the elastic and the plastic part. 
3. In this step, the elastoplastic deformation is used to get the gap (film thickness 
in this work) and the contact plane formed by the plastically deforming points 
is obtained as well. 
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Figure 4-2: Flow chart and algorithm to extend the unified mixed lubrication solver 
to handle elastoplastic contacts as developed in the current study. 
Initial guess 
(Hertzian pressure 
profile) 
Iterate the pressure and deformation (film 
thickness) until convergence. 
 
NOTE: The load balance is only satisfied with the 
elastically deforming points but pressures are not 
truncated during this step 
Converged pressure and film 
thickness 
Truncate the pressures and calculate 
the elastoplastic deformation. 
Retrieve film thickness based upon 
the elastoplastic deformation and 
identify the contact plane 
Film thickness 
converged ? 
Retrieve plastic deformation 
 𝑢𝑝
𝑁
𝐾=1
= [(ℎ1 + 𝑢𝑒)𝑒]𝑚𝑖𝑛 − (ℎ1 + 𝑢𝑒)𝑝
𝑁
𝑘=1
 
𝑢𝑝 = plastic deformation, 𝑢𝑒 = elastic deformation 
No 
Yes 
END OF simulation 
1 
2 
3 
4 
5 
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4. This step involves the extraction of the plastic deformation magnitude. This 
magnitude is the amount of material that is removed from the original 
geometry before the next iteration. In the equation, the subscript ‘p’ refers to 
the elastoplastic deformation calculated above. 
5. In the end, the film thickness values are checked to ensure that all the 
plastically deformed material has been removed. 
It was found that maximum of 5 iterations are sufficient to get completely converged 
plastically deformed geometry while in the first iteration, more than 90 % of the 
plastically deformed material is already identified. Whatever the case, when the 
evolution of the two contacting bodies is considered, the number of iterations to reach 
the final geometry do not matter as, based upon the way the algorithm is designed, the 
final geometry will always be the same. 
4.2 Implementation Details 
The strength of the model lies in the fact that plastic deformation can be evaluated 
from the model in the same way as elastic deformation with no harm to the 
computational efficiency and minimal algorithmic complexity. Although the 
computational time required to evaluate a single loading cycle is more compared to 
the simple elastic EHL case, the time to evaluate one convergence cycle stays pretty 
much same.  
In terms of implementation, some modifications are required to the existing code. First 
of all nodes corresponding to elastic and plastic deformation are identified. Then the 
nodes that have undergone plastic deformation are considered to be freely floating. 
This means that once a particular node is identified as a plastically deforming node, it 
is assumed to carry no more load than the yielding pressure. The load has already 
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reached the yielding value at this node, so this point will keep deforming, along with 
other nodes that undergo yielding, forming a plane e.g. see part (a) in Figure 4-3. This 
distributes the load by increasing the contact area and more points come into contact. 
As our unified simulation strategy has no distinction between the fluid and solid 
contact regions, there is no need to distinguish between the fluid and solid contact 
spots. Thus the algorithm is very simple. The only change that needs to be made is 
that the nodes corresponding to the plastically deforming regions are considered not 
to be carrying any load by capping the pressure such that 𝑃 ≤ 0 as zero and 𝑃 ≥ 𝑃𝑦 
as 𝑃𝑦. 𝑃𝑦 is the pressure at which material starts to yield. The deformation in the film 
thickness equation is the sum of elastic and plastic deformation. The plastic 
deformation is taken out of this sum for the nodes corresponding to the plastically 
deforming region by subtracting the elastically deformed aperture from the rigid body 
interference. 
4.3 Results 
4.3.1 Smooth surface elastic-plastic contact 
The contact between a smooth ball and flat is considered and the operating conditions 
applied, although unreal, are for the sake of verifying the robustness of the model. A 
stationary contact is assumed. The contact pressure, speed, equivalent radius and 
equivalent modulus are 1.45 GPa, 0.25 m/s, 9.525 mm and 439.5 GPa respectively. 
The plastic flow pressure is set to 0.807 GPa (far below the applied pressure) to ensure 
the lubricant can also cause plastic deformation of the contact. This yielding limit 
corresponds to the hardness of the material. In the top part of Figure 4-3, part (a), the 
convergence of the contact plane is presented. The initial contact is not a plane but the 
final deformed / plastically worn geometry forms a smooth plane. The lower part, part 
(b) represents the geometry of the contacting ball prior to and after the application of 
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plastic deformation. It is to be noted that the plastic deformation is not only caused by 
the solid-solid contact pressures. The lubricant pressure also deforms the surface and 
this deformation may be elastic or plastic. 
4.3.2 Rough surface elasto-plastic contact 
In the forthcoming paragraphs a glimpse of the ability of the above model to predict 
rough surface PlastoElastoHydrodynamic Lubrication (PEHL) is presented. The 
following results were taken by adding roughness to the ball and keeping the disc 
surface smooth and rigid. The results in Figure 4-4 show that the ball surface deforms 
significantly with deformation values reaching to about 100 nm at some points along 
the surface. The points of plastic deformation conform closely to the points of extreme 
pressure and these nodes deform permanently, changing the topography of the surface 
considerably due to flattening of corresponding asperities. 
Roughness causes extreme pressure peaks that are far above the applied pressure so 
pressures do not need to be very high compared to the yield limit to deform the 
surface. Hence the operating pressure has been reduced in these simulations to a value 
of 0.645 GPa or 645 MPa. The R.M.S. roughness is fixed at 22 nm. 
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Figure 4-3: Smooth surface PEHL results. (a) The contact plane convergence. This 
plane converges by itself through the solution. (b) The undeformed and deformed 
geometry of the ball at the centre cross-section of the contact. 
(b) 
(a) 
(a) 
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Figure 4-4: Rough surface PEHL results. The original smooth surface profile is also 
shown along with the undeformed rough surface and the corresponding deformed 
rough surface geometry. 
The deformed geometry profile is one due to permanent deformation. It should be 
noted that the profile is flattened significantly at the points of peak pressure. This 
flattening also affects the pressure on the neighbouring points as shown in Figure 4-5. 
It is worth noticing that the pressure on the neighbouring points increases. This can 
be elaborated by examining the load-balance condition as applied to our case. The 
load is balanced by only the elastically deforming nodes and thus if some of the nodes 
undergo plastic deformation then the rest of the nodes will have to bear and balance 
more load. 
            X (𝜇𝑚)               
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Figure 4-5: PEHL pressure profiles. The pressure profile for the original starting 
smooth surface solution is also given for comparison. The actual rough surface 
pressures without plastic deformation and with deformation show increase in area of 
contact. The starting pressure profile shows strong EHL by the presence of the 
pressure spike. 
 
Figure 4-6: PEHL film thickness profiles. The presence of roughness effectively 
improves lubricant entrainment. The presence of plastic deformation flattens the 
film thickness profile. 
            X (𝜇𝑚)               
            X (𝜇𝑚)               
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The film thickness profile depicts similar characteristics (see Figure 4-6). The general 
profile of film thickness remains the same but at the points of plastic deformation, the 
film thickness also shows signs of flattening as seen in Figure 4-6. The overall film 
thickness, generally becomes thinner in case of plastically deforming surface.  
4.3.3 Model validation and the effect of load on the elastoplastic 
contact performance 
The model developed is validated against the work of Ren et al. [162]. In this section, 
the pressure profiles and plastic deformation profiles are presented in Figure 4-7  and 
the variation of film thickness with load for the plastically deforming contact is 
presented in dimensional form in Figure 4-8. The initial yielding pressure is 0.807 
GPa corresponding to the yield limit of the material, 500 MPa. Although this value is 
not the actual plastic flow value but it is referred in this section to highlight the fact 
that the results are normalized against the Hertzian radius at the initial yielding and to 
illustrate the fact that the choice of the yielding pressure does affect the results. A 
discussion will follow in the next section on the effect of the plastic flow values on 
the PEHL results but in the current and the subsequent sections, the plastic flow value 
is taken as 2.3 × 𝜎𝑌 unless otherwise stated. The remaining parameters are kept the 
same as in previous sections but the applied pressure is different for different values 
of applied load. 
The pressure profile has been normalized by the yield strength of the material and 
shows typical characteristics of plastically deforming contact as shown in part (a) of 
Figure 4-7. The contact area increases with increasing load as greater area is required 
to balance the greater applied load. The innermost profile shows the characteristic 
pressure spike that it retains as part of its EHL starting pressure profile. The remaining 
pressure profiles all show that the pressure is truncated at the yield pressure (as applied 
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in the algorithm) and this causes the increase in contact area compared to elastic 
contact. The pressure spike can be observed for all the loading cases where the 
truncated pressure was still higher than the value of pressure at which the pressure 
spike occurs. Moreover, when the pressure profiles are compared against the work of 
Ren et al., very good agreement is found (please refer to the top left graph in figure 9 
of ref [162]). 
The plastic deformation normalized to the Hertzian contact half width at initial 
yielding and shows smooth profiles corresponding to the smooth geometry of the ball, 
see part (b) in Figure 4-7. The comparison among the curves shows that the plastic 
deformation also increases with increasing load which is physical as the increased 
load should cause more plastic deformation. The deformation values at the centre of 
the contact varies almost linearly with applied load, from about 57 nm at the load of 
25 N to a value of 1117 nm at the load of 125 N. It is interesting to note that no plastic 
deformation is observed for the load of 10 N. 
The film thickness profiles in general show the key EHL characteristics but with 
plastic deformation incorporated, the profiles become flatter and thinner films develop 
inside the contact with a much deeper exit constriction. The parts (a) and (b) in Figure 
4-8 have been plotted with different grid sizes to show the effect of grid size on the 
lubricant film thicknesses. There is a difference of about 5nm in the film thickness 
values plotted with both the grids. 
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Figure 4-7: The results for PEHL from the current model. (a) pressure profile. (b) non-
dimensionalized plastic deformation (cross-section at Y=0). 
(a) 
(b) 
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Figure 4-8: The lubricant film thickness results in nanometres for PEHL from the 
current model. (a) grid of 129 x 129 (b) grid of 65 x 65  
(a) 
(b) 
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The effect of geometry update is presented in Figure 4-9. Part (a) presents the lubricant 
film thickness values without updating geometry while part (b) presents the film 
thickness profiles when the geometry is updated every iteration until no more plastic 
deformation is present. It can be seen that the profiles become flatter and the exit 
constriction becomes thinner and deeper with geometry update. Moreover, due to the 
fact that the geometry update ensures that all the plastic deformation has occurred, the 
film thickness developed is thinner compared to the results without updating 
geometry. There is once again a difference of about 5nm in the values of film thickness 
predicted with or without geometry update. 
 
Figure 4-9: The effect of geometry update on the PEHL film thickness results. (a) 
non-dimensionalized film thickness profiles without geometry update. The plastic 
(a) 
(b) 
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deformation is allowed to accumulate in every iteration. (b) The geometry is updated 
every iteration until no more plastic deformation takes place. 
The film thickness of the lubricant developed inside the contact is plotted in Figure 
4-10. It can be seen that the film thickness values predicted by the current model are 
consistently higher. The values predicted by the current model are almost 5nm higher 
and this difference lies within the numerical error range as explained in the last 
paragraphs. Moreover, the film thickness values predicted by our model match almost 
exactly if 𝐻 ≈  𝑃𝑌. This will be further explored in the next section. 
These results when compared against the film thickness results from the work of Ren 
et al. [162] give excellent qualitative agreement while quantitative differences do 
exist. The model is able to produce all key PEHL characteristics as shown in Figure 
4-10 for comparison. The flattening of the film thickness profile and the increase in 
the depth of exit constriction is clearly observed, especially when the results are 
presented in dimensional form (see Figure 4-8, Figure 4-8 and Figure 4-10). 
 
Figure 4-10: PEHL results. (Left hand side) solutions for different loads from Ren et 
al. [162]. (Right hand side) solutions for different loads from current study. Results 
are normalized by the half width of Hertzian contact radius at initial yield. 
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The film thickness variation follows precisely the same qualitative trend and shows 
all the properties of a plastically deforming contact. The increase in contact area with 
applied load is physically consistent: greater contact area with increasing load. 
4.3.4 A note on the hardness value 
The hardness value used in the above simulations (in the last section) is fixed to 2.3 ×
 𝜎𝑌 and this value is taken as it gives best fit with the simulation results of Ren et al. 
[162]. From the literature [151, 165-167] it can be seen that the relationship between 
the hardness of material and the yield strength is 𝐻 = 3.0 × 𝜎𝑌 i.e. the hardness scales 
as three times the yield strength and the general expression 𝐻 = 𝑐 × 𝜎𝑌 holds which 
gives a linear relationship between hardness and yield strength. Here c is a constant. 
The value of this constant has been obtained in various studies through fitting to 
experimental data and it always comes out to be 3. 
The results from the current model when compared against the results of Ren et al. 
[162] give a systematic difference. The pressure profiles give best qualitative match 
when compared a value of c = 2.3 is used while the film thickness predictions from 
the current model give best match against Ren’s results when the value of ‘c’ is 
reduced to give hardness value close to the initial yield pressure value (𝐻 ≈  𝑃𝑌). 
Thus, in the current section, a systematic study is performed to see the effect of 
hardness value on the pressure and film thickness profiles predicted by the current 
model by varying the value of ‘c’ from 1.6 to 3.0.  
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Figure 4-11: The effect of Hardness value used in the current model. (a) pressure 
profiles for varying hardness valeus. (b) film thickness profiles for varying hardness 
values. 
(a) 
(b) 
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The results are presented in part (a) of Figure 4-11 for the pressure profile while the 
film thickness profiles are presented in part (b) of the same figure. It can be seen that 
with increasing value of ‘c’, the contact area decreases as there is correspondingly 
lesser plastic deformation expected. The pressure profiles match the results of Ren et 
al. best when H = 1150 MPa corresponding to the value of c=2.3 while the value of 
film thickness matches best when H = 800 MPa to 850 MPa corresponding to the 
value of c=1.6 to 1.7. These differences are expected owing to the approximate nature 
of the model. The model developed in the current study is of engineering value due to 
its simplicity and robustness. The slight differences can always be compensated by 
the use of a suitable factor of safety. 
4.4 Effect of geometry update on plastic deformation 
The results presented in the previous section are for the plastic deformation without 
any material removal due to plastic deformation. Our model is capable of giving 
results for contact evolution and thus, a comparison is presented in the following 
section to highlight the importance and the effect of material removal in changing the 
contact parameters. 
In this section, the results are presented by running simulations for three different 
cases. The black curve corresponds to the starting EHL profile and is only presented 
here for comparison. The maximum number of iterations is fixed at 49 as this is 
sufficient to get stable values. The first case, No removal_49 corresponds to the 
situation where the simulation is run up to 49 iterations but no material is removed at 
any point and the final results are plotted. The second case, K=5_49 corresponds to 
the case where the plastic deformation is allowed to accumulate and is removed as 
soon as the 5th iteration is reached but no material is removed afterwards. The third 
case, MOD(K,5)_49 corresponds to the situation where the plastic deformation is 
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allowed to accumulate and the geometry is updated every 5th iteration step. All the 
results are presented for the case of 75 N load with all the operating parameters kept 
the same as in the previous sections. 
There seems to be no effect of geometry update due to plastic deformation on pressure 
as shown in part (a) of Figure 4-12. There is only very slight variation at the edges of 
the contact. The film thickness profiles are shown in part (b) of Figure 4-12 and it 
shows that the film thickness profile undergoes both qualitative and quantitative 
changes due to material removal. Qualitatively, the flattening of the film thickness 
profile is observed while the magnitude of film thickness values decreases as 
successive wear steps are introduced reaching a fixed and repeatable value. The 
minimum film thickness value also decreases and the difference between the central 
and minimum film thickness values also increases. For comparison purpose, the 
starting EHL pressure profile without any plastic deformation is also given. To 
explore this further, the plastic deformation values in each case are presented along 
with the evolution of central film thickness in Figure 4-13. 
Although the film thickness in the case of no wear and a single wear step is different 
but the plastic deformation value is identical as both the curves overlap. But if the 
contact is evolved to its eventual state, there is some additional plastic deformation 
that is necessary to reach an equilibrium state where all the material that has yielded 
gets plastically removed and the contact geometry changes result in no further plastic 
deformation. This is also seen when the central film thickness profile is plotted, see 
part (b) of Figure 4-13. The steps in the profile correspond to each step of material 
removal.  
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Figure 4-12: The effect of considering geometry update due to material removal. 
Various curves correspond to the iteration number at which the material was removed 
and if it was removed in a single step. (a) pressure profiles. (b) film thickness profiles 
(a) 
(b) 
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Figure 4-13: The effect of considering geometry update due to material removal. 
Various curves correspond to the iteration number at which the material was removed 
and if it was removed in a single step. (a) Plastic deformation profiles. (b) Central film 
thickness evolution with iteration number. 
(a) 
(b) 
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The present model is more robust compared to the method given by Sahlin et al.[161] 
as there is no need for a plane convergence criteria. The contact eventually reaches a 
stable state. The only thing that changes is the number of steps and amount of material 
removed in each step i.e. the intermediate state may be different but the final state is 
always the same and the results are repeatable. 
4.5 Summary 
In this chapter, a plastic deformation calculation procedure was developed and 
implemented into the unified mixed lubrication model. The model is robust enough to 
reach a steady state value without additional complications and is very simple and 
easy to implement. The results from this plastic deformation model are presented and 
compared against published plastic deformation models. 
The unified mixed lubrication model gives pressures by solving the Reynolds equation 
to get the pressures in the entire solution domain. The solid contact and the fluid 
lubricated contact pressures are obtained successfully and entire lubrication transition 
studies can be performed. Due to the presence of roughness these nodal pressures have 
been observed to be very high and in most cases higher than the material yielding 
limit. Thus, the inclusion of plastic deformation is necessary. 
The algorithm presented in the current study for plastic deformation calculation 
requires no identification of the nodes as either lubricated or solid contact. This 
enables the study of entire lubrication transition without actually going into the details 
of where the pressures came from. Thus, the plastic deformation can be calculated 
even if it has been caused by the lubricant pressures. This makes the model very useful 
for engineering applications. 
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The results are presented for smooth surface cases first and then for the rough surface 
cases to illustrate the working of the model. The results for the smooth surface case 
when compared against the published results give an excellent match. Not only the 
qualitative trends are produced accurately but the quantitative match is also very good. 
The edge of the current model is its simplicity and engineering value. The additional 
computational effort required to calculate plastic deformation is minimal but no 
comparison is possible due to not having sufficient comparable data from the 
literature. 
In actual simulation to replicate experimental conditions, the material that undergoes 
plastic deformation is removed. This particular aspect is missing in the published 
plastic deformation models and thus is explored to see the effect of material removal 
on the contact performance. The film thickness is affected considerably but the 
pressures seem to be affected only slightly, especially at the edges of the contact 
domain.  
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Chapter 5  
Modelling tribochemistry in mixed 
lubrication 
In this chapter, first, an overview of various factors driving the tribofilm growth is 
given in section 5.2 and section 5.3 presents different modelling approaches to 
simulate tribochemistry. First the methods used to study the tribochemistry under 
boundary lubrication conditions are summarized then the studies incorporating mixed 
lubrication are highlighted in section 5.4. A detailed section outlining various 
tribofilm growth models is presented in section 5.5 and finally, the tribofilm growth 
model from Ghanbarzadeh et al [23, 120] is chosen to simulate tribofilm growth. The 
mechanical properties of the tribofilm are implemented as variable hardness [22]. This 
tribofilm growth framework is then combined in our general mixed lubrication 
framework to get the tribofilm growth integrated with the plastic deformation and 
wear models and results are presented for an illustrative case in section 5.6. The wear 
of both the tribofilm (removal) and substrate (mild wear) are considered. Throughout 
this chapter, the relative importance of pressure and shear is emphasized. 
5.1 Introduction and background 
The mechanics under the mixed lubrication regime are governed by the mixed 
lubrication solver which gives pressure and film thickness profiles. The contact 
pressure and deformation is calculated by using the tridiagonal matrix algorithm. The 
pressures are calculated irrespective of the instantaneous state of the contacting 
asperity. The deformation can be elastic or plastic and the pressures can be fluid or 
solid asperity contacting pressures. The plastic deformation calculation procedure 
implemented in the previous chapter takes care of the plastic deformation. The model 
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is able to predict real areas of contact, the relative contact area and contact load ratios. 
The model is completely deterministic and can take the real engineering surface 
roughness as input. The lubrication regime can be varied from full film down to 
boundary lubrication and dry contact conditions. 
All these mechanical parameters are directly linked to the tribochemical changes 
occurring in the contact. These tribofilm growth and the subsequent changes in the 
mechanical response of the contact have a significant influence in driving friction and 
wear in a tribosystem. The most important tribochemical parameters are the tribofilm 
growth behaviour, the mean tribofilm thickness, and the change in the mechanical 
properties of surface due to tribofilm growth. The tribofilm growth is a net result of 
formation and removal and the rates of formation and removal play a significant role 
in defining the contact performance. The changes occurring in the surface roughness 
of the contact in the presence and / or absence of the tribofilm are all crucial 
parameters that define the tribochemical performance of the contact. Thus, the next 
step is to include the tribochemical film growth into the mixed lubrication model. 
Before going into the details of the model, some key ideas related to the tribofilm 
growth and mechanics are discussed. 
5.2 Factors driving the tribofilm growth 
The growth of ZDDP tribofilms has been studied extensively and several key 
phenomena have been found to be responsible for the preferential growth of ZDDP 
and other phosphorous based additives [97] inside the rubbing contacts. The flash 
temperature rise, pressure, triboemission and surface catalysis are the most important 
parameters driving tribofilm growth. The nature of the rubbing phenomenon generates 
heat which is dissipated in the contact. This heat raises the bulk and flash temperature 
of the contacting surfaces. The flash temperature is the instantaneous rise in 
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temperature at the contacting asperities. It is a very rapid pulse of temperature and is 
a cause of ZDDP tribofilm growth on rubbing surfaces [94]. Due to the fact that the 
growth of ZDDP tribofilm has also been observed at relatively low sliding speeds 
(less than 0.1 m/s [113]) where the flash temperature rise is low, the flash temperature 
is not the main cause of tribofilm formation. The magnitude of flash temperature is 
strongly dependent on the sliding speed and is calculated using the theory of moving 
heat source [168]. Based upon theoretical calculations, Mosey et al. [108] suggests 
that the phosphate polymer network undergoes a cross-linking phenomenon due to the 
presence of very high pressures inside the contact, giving surface films with superior 
tribological performance. The pressure led tribofilm formation process is specific to 
non-conforming contacts involving high pressures. The main discrepancy in this idea 
is the prerequisite of having unrealistically high pressures [169] which are not in 
actual experimental conditions. Thus, pressure is also considered a key cause of 
tribofilm growth. The severe contact conditions can lead to plastic deformation and 
fracture of the contacting surfaces which result in the formation of charged regions on 
the local scale. This results in emission of particles like electrons and ions [170]. These 
active particles are considered to be one of the causes of tribochemical interactions 
[171] and the formation of ZDDP tribofilms [172]. The presence of triboemission in 
a lubricated contact is very difficult to detect. Therefore triboemission is not 
considered to be the cause of tribofilm formation in mixed lubricated contacts 
modelled in this study. The stress-promoted thermal activation of the tribofilm 
formation was very recently presented by Zhang and Spikes [97]. They studied 
tribofilm growth by a ZDDP containing lubricant in the absence of any asperity 
contacts and low sliding speeds. The concept of chemical reactions occurring due to 
mechanical force is emphasized by performing experiments using oils with very 
different friction properties and conducting experiments in the full film lubrication 
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regime. This idea is relevant as shear stress is ubiquitous in rubbing contacts [173]. 
The effect of shear stress is to reduce the activation barrier for the forward reactions.   
5.3 Numerical simulation of tribofilm growth in boundary 
lubrication 
Tribochemistry has been included into contact mechanics simulations by several 
researchers. These studies are discussed in this section and the gaps are highlighted. 
Tribofilm formation and growth in contacts has been modelled mainly in dry contact 
conditions. The first attempt to capture the ZDDP antiwear tribofilm growth in contact 
mechanics simulations was made by Andersson et al. [22]. A model for tribofilm 
growth based upon the thermal activation was given. This model was combined with 
a contact mechanics simulation to study the mutual effect of chemistry and contact 
mechanics. The tribofilm growth model was tuned to experiments and used in 
simulations. The model only simulated short-term tribofilm growth and did not 
consider the tribofilm removal but tribofilm growth on real rough surfaces could be 
simulated. Ghanbarzadeh et al. [120] developed a local tribofilm growth model that 
considers local formation and removal of the tribofilm. Their model was based upon 
the thermodynamics of interfaces. A linear reduction in the wear coefficient from the 
“no tribofilm” wear coefficient to the wear coefficient for “maximum tribofilm” 
height was assumed. They developed a contact mechanics model based upon the 
principle of minimization of potential energy [174] and integrated their tribofilm 
growth (formation/removal) and wear model into it. In the following study, 
Ghanbarzadeh et al. [175] performed tribofilm growth and wear experiments using 
the mini traction machine (MTM) equipped with spacer layer interferometry method 
(SLIM) and validated their model in real applications. Gosvami et al. [96] performed 
AFM single asperity experiments to study the effect of temperature and pressure on 
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tribofilm growth. The experimental data was fitted to the stress-dependent kinetic 
growth model and a functional relationship to give the rate of growth of tribofilm with 
time was given. This stress-active tribofilm growth model was used by Akchurin and 
Bosman [176] to simulate tribofilm growth on rough surfaces in dry contact. They 
combined this growth model with a contact mechanics model with a boundary element 
based contact mechanics solver. They model mild wear as diffusion of substrate atoms 
into the tribofilm. The steady state tribofilm thickness and tribofilm thickness 
evolution was simulated and validated against experiments. All these models consider 
dry contact with no effect of lubricant. 
5.4 Mixed lubrication models with tribochemistry 
The integration of tribochemistry into the mixed lubrication models is a fairly new 
concept. All approaches mentioned above are for boundary lubrication conditions 
where the importance of lubricant in changing the tribofilm growth and mechanics is 
absent. The first attempt to consider the tribofilm growth and wear under mixed 
lubrication conditions was a very recent study by Brizmer et al. [24]. They performed 
experiments to study the growth of ZDDP tribofilm on rolling / sliding rough contacts 
running under mixed lubrication conditions using MTM-SLIM. The tribofilm 
formation was studied as a function of applied pressure, temperature and roughness 
of the counter-part. They used the stress-activated thermal activation model for ZDDP 
tribofilm growth given, very recently, by Zhang and Spikes [97]. They designed a 
thermomechanical model and tuned it to experimental results of tribofilm growth. 
This specifically designed setup was validated against experiments and finally used 
to predict micro-pitting performance in a tribochemically active system. 
The model from Brizmer et al. [24] does not take into account the topography 
evolution due to the tribofilm and the mixed lubrication model is based upon the semi-
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analytical method [177]. There is no account of the removal of the tribofilm and only 
mild wear and fatigue damage are considered. The mild wear is simulated by using 
spatially varying wear coefficients in the Archard’s wear equation that changes every 
time step as well. Moreover, no account of the effect of tribofilm growth in modifying 
the lubrication parameters was taken. The effect of tribofilm growth on the contact 
characteristics is very important and should be considered. The main difficulty is that 
the lubrication effectiveness varies from full film down to boundary lubrication and 
to simulate the effect of tribofilm on lubrication performance, the mixed lubrication 
models should be capable of simulating the entire transition from full film down to 
boundary lubrication. 
There is no other study that captures tribochemistry and mixed lubrication in a single 
framework. Therefore, the current chapter outlines the tribochemical film growth in 
the presence of additives and the procedure to integrate it with the unified mixed 
lubrication model is given. The current chapter outlines mainly the capability of the 
model to simulate the tribofilm growth and the effect of this tribofilm in modifying 
the lubrication behaviour is presented in the next chapter. The results for the 
instantaneous tribofilm growth as a patchy tribofilm are presented. Then the mean 
tribofilm growth to steady state values is simulated and validated against the existing 
numerical studies. The current model is capable of simulating the tribofilm growth on 
both the counterparts and thus, the result will be presented for the smooth and rough 
counterpart separately. The movement of both the ball and the disc is controlled 
independently and different slide-to-roll ratios achieved.   
5.5 Selection of the tribofilm growth model: A short survey 
Several models have been presented in the past to simulate the tribofilm growth. Some 
studies consider the formation and removal aspects independently while others 
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consider the removal as a part of wear. These studies will be discussed and the 
advantages and disadvantages highlighted. Finally, a tribofilm growth model is 
selected. 
The first model to describe kinetic growth of the ZDDP tribofilm was given by Fujita 
and Spikes [178] who performed extensive experiments and monitored the tribofilm 
thickness and fitted this model to the experimental tribofilm thickness values.  
 
Figure 5-1: Tribofilm growth model from Fujita and Spikes [92]. (a)  Results for 
different temperatures. (b) Results for different concentrations. 
They considered a coverage model that relates the tribofilm formation rate to the area 
of substrate not yet covered by the tribofilm while the removal of tribofilm was 
incorporated by assuming the rate of removal proportional to the fourth power of the 
area of substrate that is actually covered by the tribofilm. 
 ℎ𝑚𝑒𝑎𝑛 = ℎ𝑚𝑎𝑥(1 − 𝑒
−𝑘1(𝑡−𝑡𝑖))                                    (5-1) 
Where ℎ𝑚𝑒𝑎𝑛 and  ℎ𝑚𝑎𝑥 are the mean and maximum tribofilm heights,  𝑘1 is a 
constant while 𝑡 is the time in the model. The term 𝑡𝑖 represents the lag in the tribofilm 
growth, observed experimentally.  The model can predict the self-limiting behaviour 
of ZDDP tribofilms with good accuracy. Some key results from their modelling study 
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are presented in Figure 5-1. They also developed some models for the change in the 
maximum and mean film thickness with temperature and concentration. It was an 
experimental work and no numerical simulations were presented. 
Andersson et al.  [22] proposed that the tribofilm formation was a chemical reaction 
happening between the substrate and the lubricant at the contacting asperities due to 
the severe temperature peaks called the flash temperature. They assumed a 
phenomenon of Arrhenius type and described the tribofilm growth rate as: 
[
𝑑ℎ
𝑑𝑡
]
𝑔𝑟𝑜𝑤𝑡ℎ
= 𝐶6(ℎ𝑚𝑎𝑥 − ℎ)𝑒
−𝐶5
µ𝑝𝑣  
and the final nodal tribofilm growth equation used was, 
 ℎ𝑛+1(𝑖, 𝑗) =  ℎ𝑛(𝑖, 𝑗) + Δ𝑡𝐶6(ℎ𝑚𝑎𝑥 − ℎ𝑛(𝑖, 𝑗))𝑒
−𝐶5
µ𝑝𝑛(𝑖,𝑗)𝑣              (5-2) 
where ℎ𝑖 and ℎ𝑚𝑎𝑥 are the nodal and maximum tribofilm thickness, the terms  µ, 
𝑝𝑛(𝑖, 𝑗) and 𝑣 are the friction coefficient, nodal normal pressure and the sliding 
velocity respectively. The constants 𝐶5 and 𝐶6 are tuned to experiments making it a 
semi-deterministic model for tribofilm growth simulation. The results for the tribofilm 
growth from their model are presented in Figure 5-2 for the tribofilm growth 
simulation for very short times. The term µ𝑝𝑛(𝑖, 𝑗)𝑣 collectively refers to frictional 
energy dissipation which is related to the flash temperatures.  
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Figure 5-2: Mean tribofilm thickness results from the tribofilm growth model of 
Andersson et al. [22]. 
Only substrate wear via Archard’s wear model was considered. This model was 
numerically simulated in a boundary lubrication solver to simulate the tribofilm 
growth for the initial couple of seconds of experiment. No tribofilm removal was 
considered in this model. This was a modelling study and they fitted their results to 
the experimental results of Naveira-Suarez [114].  
The growth of ZDDP tribofilm as a diffusion process was also modelled. These 
models consider the formation of ZDDP tribofilm as a diffusion process at high 
temperatures [179]. The theory does not consider the actual formation of the chemical 
film. The effect of chemical film growth is modelled. An elastic modulus is set up that 
can achieve the same antiwear performance as a critical value of tribofilm thickness. 
Whether the tribofilm will form or not, at a point, is determined by the hardness and 
roughness of the samples. The decomposition of ZDDP was considered to start at a 
particular threshold temperature and the decomposition products are adsorbed onto 
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the surface. Then based upon the roughness and hardness, a chemically adsorbed film 
forms. The diffusion model has some parameters that are curve fitted to experiments. 
Tribofilm removal is also included. Some more complex models for the diffusion 
based theory of ZDDP antiwear additive have also been presented but these are very 
complex and considered not suitable for engineering applications and to be included 
into numerical solvers. 
The thermodynamics of friction and wear process are complex and irreversible. The 
irreversibility is linked to the entropy generation during the friction process. The way 
the entropy increases can characterise the changes occurring in thermodynamic 
systems. Some authors have tried to correlate this idea of entropy change by studying 
the process of tribofilm formation as a non-spontaneous reaction that actually takes 
place due to the entropy generated in the contact due to friction [180]. The results 
suggested that if enough energy is present, the tribofilm formation process is 
independent of time and mainly depends upon speed. To express this functional 
relationship, they used the theory of activated complexes. An activated complex is a 
system where dynamic bond formation and breakage takes place. In this theory, the 
chemical and tribo-chemical (mechano-) reactions have a different rate. The rate of 
the former being dependent on temperature while the rate of the latter does not depend 
upon temperature. The key parameters driving the rate of tribochemical reactions was 
the sliding speed (shear). Based upon this, Bulgarevich et al. [119] proposed that the 
formation of chemical films on rubbing surfaces is primarily a mechanically activated 
phenomenon rather than only a thermal activated one. The effect of pressure was to 
change the equilibrium in the adsorption of additives in the lubricant. This study 
revealed that even at higher temperatures, mechanical activation plays a major role in 
causing tribochemical phenomenon. The thermal contribution is generally very low 
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in tribological applications. In another study, Bulgarevich et al. [118] have confirmed 
that population of transition states for a chemical reaction to occur are dependent upon 
the mechanical action. The mechanical action in a sliding contact is mainly “shear”. 
The rate of reaction can be expressed as a combined thermo- / mechano- activated 
process 
𝑘𝑡𝑟𝑖𝑏𝑜−𝑡ℎ𝑒𝑟𝑚𝑜 = 
𝑥𝑡𝑟𝑖𝑏𝑜
𝑥𝑡ℎ𝑒𝑟𝑚𝑜
 𝑘𝑡ℎ𝑒𝑟𝑚𝑜 
where 𝑥𝑡𝑟𝑖𝑏𝑜 is the factor accounting for tribo-/mechano-activation and 𝑥𝑡ℎ𝑒𝑟𝑚𝑜 
accounts for thermal activation. 𝑘𝑡ℎ𝑒𝑟𝑚𝑜 is the rate of thermal reaction given as 
𝑘𝑡ℎ𝑒𝑟𝑚𝑜 = 
𝑘1𝑇
ℎ′
 𝑒
Δ𝐸
𝑅𝑇  
And considering Boltzmann energy distribution, thermo-activation is given by 
𝑥𝑡ℎ𝑒𝑟𝑚𝑜 = 𝑒
Δ𝐸
𝑅𝑇 
Here, 𝑘1 is Boltzmann constant, ℎ
′ is Planck’s constant and Δ𝐸, 𝑅 and 𝑇 are the 
activation energy, universal gas constant and the temperature, respectively. Putting 
these expressions into 𝑘𝑡𝑟𝑖𝑏𝑜−𝑡ℎ𝑒𝑟𝑚𝑜 gives, 
𝑘𝑡𝑟𝑖𝑏𝑜−𝑡ℎ𝑒𝑟𝑚𝑜 = 
𝐾1𝑇
ℎ′
 𝑥𝑡𝑟𝑖𝑏𝑜 
It can be seen that the rate of tribochemical reactions is independent of activation and 
mainly depends upon temperature. 
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Figure 5-3: Tribofilm growth model results. The plots show the experimental results 
of tribofilm growth and the corresponding model fitted tribofilm profiles for different 
temperatures [175]. 
These ideas were used by Ghanbarzadeh et al. [120] to develop a tribofilm growth 
model. The term 𝑥𝑡𝑟𝑖𝑏𝑜 was fitted to experiments to develop a semi-analytical model 
for tribofilm growth. As the rate of tribochemical reactions happening between the 
lubricant and substrate are complex [28, 85], they assumed a second order reaction 
for developing the model. Therefore, considering the lubricant as substance A and the 
substrate steel as substance B, the rate of the tribochemical reaction is given as 
𝑑𝐶
𝑑𝑡
=  𝑘𝑡𝑟𝑖𝑏𝑜−𝑡ℎ𝑒𝑟𝑚𝑜𝐴𝐵 
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where A and B are the concentrations of reactants while C is the concentration of 
product. It was further assumed that the lubricant, substance A, is abundant and thus 
is not the rate limiting concentration. This assumption is valid as the formation of 
tribofilm will reduce the amount of nascent surface area that is available for chemical 
reaction. To incorporate the effect of self-limitation of the mean tribofilm thickness 
that is observed experimentally, Ghanbarzadeh et al. [23] introduced the following 
equation for the substance A, 
𝐴 = 𝐴1(ℎ𝑚𝑎𝑥 − ℎ) 
Thus, substituting this expression for substance A, the tribochemical reaction rate 
becomes, 
𝑑𝐶
𝑑𝑡
=  𝑘𝑡𝑟𝑖𝑏𝑜−𝑡ℎ𝑒𝑟𝑚𝑜 𝐴1(ℎ𝑚𝑎𝑥 − ℎ)𝐵 
𝑑𝐶
𝑑𝑡
=  
𝐾𝑇
ℎ′
 𝑥𝑡𝑟𝑖𝑏𝑜 𝐶1(ℎ𝑚𝑎𝑥 − ℎ) 
Expressing the tribochemical reaction as the tribofilm formation process, 
𝑑ℎ
𝑑𝑡
=  
𝐾𝑇
ℎ′
 𝑥𝑡𝑟𝑖𝑏𝑜 𝐶2(ℎ𝑚𝑎𝑥 − ℎ) 
Where 𝐶1 and 𝐶2 are constants. Integrating the above equation, the tribofilm growth 
is obtained as a function of time and mechano-activation. 
 ℎ =  ℎ𝑚𝑎𝑥  1 − 𝑒
−
𝑘1𝑇
ℎ′
 𝑥𝑡𝑟𝑖𝑏𝑜 𝑡                                    (5-3) 
In this equation, the term ℎ𝑚𝑎𝑥 and 𝑥𝑡𝑟𝑖𝑏𝑜 are obtained through experimental fitting. 
Ghanbarzadeh et al. [120] also included removal to account for the wear of the 
tribofilm separately along with substrate wear. An exponential form very similar to 
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the formation model is assumed and when added to the formation part, the final 
tribofilm growth is obtained. 
 ℎ =  ℎ𝑚𝑎𝑥  1 − 𝑒
−
𝑘1𝑇
ℎ′
 𝑥𝑡𝑟𝑖𝑏𝑜 𝑡 − 𝐶3(1 − 𝑒
−𝐶4 𝑡)                  (5-4) 
The constants 𝐶3 and 𝐶4 are also fitted to experimental data. The model results from 
this tribofilm growth model for replicating a typical experiment are presented in 
Figure 5-3.  
From the above studies and the experimental results from Gosvami et al. [96], it is 
clear that the “shear” plays a critical role in the formation for tribofilms. Thus, it is 
not a surprise that the most recent model for tribofilm growth, given by Zhang and 
Spikes [97]  considers tribofilm growth as a stress-promoted chemical reaction. This 
model is based upon the concept of physical and chemical processes driven by the 
applied mechanical action. The rate of thermo-activated chemical reaction is 
proportional to the probability of the species undergoing many chemical and physical 
processes. If the Boltzmann energy distribution is assumed, this probability is given 
by the Arrhenius expression as 
𝑃 = 𝐴𝑒
−
𝐸0
𝑘𝑏𝑇 
In this expression, 𝐸0 is the activation energy barrier, 𝑘𝑏 is the Boltzmann constant 
and T is the absolute temperature of the process and A is a pre-factor. 
The stress-promoted thermal activation barrier states that an applied force, f, tends to 
reduce the activation energy for the forward reaction. Thus, under mechano-chemical 
conditions, the probability equation changes to 
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 𝑃 = 𝐴𝑒
−
(𝐸0−𝑓Δ𝑥)
𝑘𝑏𝑇                                                  (5-5) 
where Δ𝑥 is the activation length. This length corresponds to atomic scale phenomena 
like the distance a particle is moved or the distance a bond is stretched etc. The term 
𝑓Δ𝑥 effectively represents mechanical work. In terms of macroscopic variables, the 
force can be represented as shear stress, 𝜏, resulting in the following expression for 
the probability equation 
 𝑃 = 𝐴𝑒
−
(𝐸0−𝜏Δ𝑣)
𝑘𝑏𝑇                                                   (5-6) 
Here, 𝜏 is the shear stress at the interface, Δ𝑣 is the activation volume and the pre-
factor A needs to be obtained through experimental fitting. This expression is more 
suitable for applying to macroscopic experimental results. It is to be noted that the 
shear stress in this equation can either be fluid or solid shear stress depending upon 
the state of lubrication at a particular point inside the contact zone. 
These expressions have been derived for the simplest form of stress-promoted 
chemical reaction where the applied force has no effect on the shape of the activation 
barrier. Albeit, this model successfully explains several important phenomenon 
related to ZDDP tribofilm growth. 
In the current study, the tribofilm growth model given by Ghanbarzadeh et al. [120] 
is used. This model includes the effect of both thermal activation and shear 
independently. The tribofilm growth is controlled by multiplication of a factor called 
𝑥𝑡𝑟𝑖𝑏𝑜 and is a complete representation of the tribofilm growth behaviour. This factor 
has the effect of speeding up the chemical reactions due to shear. They have fitted this 
model to various experimental conditions and the values of fitting parameters are 
available for a wide range of experimental conditions. Thus, there is no need to 
- 144 - 
perform further experiments. Once the tribofilm growth model has been implemented 
and validated, the fitting parameters can simply be chosen based upon needs. 
5.5.1 The calculation of flash temperatures 
Sliding bodies experience friction which can manifest itself in many ways. Frictional 
heating is the most feasible way in which this energy appears. The mechanical energy 
of the contacting bodies due to normal and transverse loads at the asperities colliding 
with each other goes into increasing the internal energy of the system. This results in 
increasing the surface temperatures of the contact pair. The rate of energy dissipation 
inside the contact is related to the friction coefficient, pressure and sliding speed as 
𝑞𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 =  µ𝑃𝑉 
or 
𝑞𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 = τ𝑉 
where τ is the shear stress at the sliding interface. 
This energy dissipation is directly related to the temperature rise at the contacting 
asperities. The contact is so severe that the resulting temperature peaks can be several 
hundred degrees. This rapid increase in temperature is called flash temperature. It 
builds up and dies out very quickly like a pulse. The flash temperature is very 
important in contact analysis as it affects the surface chemical reactivity and helps 
achieve the tribochemical reactions at relatively low temperatures. The exact value of 
this flash temperature inside the sliding track is very difficult to obtain but the 
maximum flash temperature rise has been studied by several authors in the past. These 
studies are based on the single heat source analysis on a moving or stationary surface. 
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The results from these models have been summarized by Kennedy [181] for different 
heat source geometries and is given in Table 5.1. 
Table 5.1: Maximum flash temperature rise for different geometries and heat flux 
distributions [181]. 
 
The flash temperature calculation in this study is done by using a slightly modified 
formulation. The asperity contact temperature is 
𝑇𝑎 = 𝑇𝑏𝑢𝑙𝑘 + 𝑇𝑓𝑙𝑎𝑠ℎ 
The bulk temperature is the temperature at which the experiment is performed. Chang 
et al. [182] used the expressions for flash temperature and reformulated them to 
include the macroscopic contact parameters, asperity radius 𝑟𝑎, asperity shear stress 
𝜏𝑎 and sliding speed 𝑢𝑠. The expression that they developed and which is used in this 
current study to calculate the asperity flash temperature rise is given in equation (5-7). 
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 𝑇𝑓𝑙𝑎𝑠ℎ = 
1.22 𝑟𝑎 𝜏𝑎 𝑢𝑠
√𝜋[𝐾1√0.6575+
𝑢𝑠𝑟𝑎
2𝑘1
+𝐾2√0.6575+
𝑢𝑠𝑟𝑎
2𝑘2
]
                      (5-7) 
Here, 𝐾1,2 and 𝑘1,2 are the thermal conductivity and thermal diffusivity of the 
contacting solids.  
5.5.2 Mechanical properties of tribofilm 
The mechanical properties of the ZDDP tribofilm vary spatially along the plane of 
contact and through the thickness of the film. The mechanical properties of the 
tribofilm evolve with time as well. The presence of polyphosphates of varying chain 
lengths gives the ZDDP tribofilm the smart behaviour with properties responding to 
the environment. Several authors have referred to ZDDP tribofilms as smart materials 
[84]. The mechanical properties have been shown to vary from substrate to the surface 
of tribofilm as explained in Chapter 2.   
The effect of pressure on elastic properties was reported in [109]. They also suggest 
that the variation in elastic modulus is related to a threshold value below which the 
change in elastic properties is not noticeable and gave the following relationship 
 𝐸𝑓
∗ = 
𝐸𝑓0
∗
𝐻0
𝐻                                                   (5-8) 
Here 𝐸𝑓
∗ is the reduced modulus, 𝐸𝑓0
∗ is the constant value of elastic modulus before 
threshold pressure 𝐻0 is reached. With temperature, no change in the value of 
threshold elastic modulus 𝐸𝑓0
∗ was observed and its value was fixed at 39 ± 4 GPa 
while 𝐻0 was found to vary with temperature. 
In the current study, only the change in hardness of the tribofilm with thickness is 
simulated. The hardness at the substrate / tribofilm interface is fixed as the hardness 
of the substrate while the hardness for the maximum tribofilm height is the minimum 
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and a linear variation is assumed in-between. The change in the elastic properties is 
not considered here. 
Andersson et al. [22] developed an efficient method to simulate the effect of hardness 
variation with tribofilm growth. The method assumes a linear variation of hardness 
from the surface of the tribofilm to its interface with the substrate as 
𝐻(ℎ) = 𝐻𝑚𝑎𝑥 − (𝐻𝑚𝑎𝑥 − 𝐻𝑚𝑖𝑛)
ℎ
ℎ𝑚𝑎𝑥
 
It is to be noted that the variation in hardness has a direct impact upon the plastic 
deformation inside the contact. Relating the tribofilm height at the contacting interface 
with the amount of plastic deformation, the contact is either under elastic or plastic 
deformation condition as 
𝐻𝑠 − 
𝐻𝑠 − 𝐻𝑡
ℎ𝑚𝑎𝑥
 (ℎ′ − 𝑈𝑝)         𝑖𝑓         𝑈𝑝 < |ℎ1 − ℎ2| 
  𝐻𝑠 − 
𝐻𝑠−𝐻𝑡
2ℎ𝑚𝑎𝑥
 (ℎ1 + ℎ2 − 𝑈𝑝)         𝑖𝑓         |ℎ1 − ℎ2|  ≤  𝑈𝑝  ≤   ℎ1 + ℎ2 
𝐻𝑠                                    𝑖𝑓                                ℎ1 + ℎ2  ≤  𝑈𝑝  
Here, 𝐻𝑠, 𝐻𝑡, ℎ𝑚𝑎𝑥 are hardness of substrate, hardness of tribofilm and maximum 
tribofilm thickness, respectively. 𝑈𝑝 is the plastic deformation and ℎ
′ assumes the 
value of the thicker of the tribofilm value (on ball or disc).  Thus, in every iteration, 
the hardness is updated based upon the value of plastic deformation as shown in Figure 
5-4. 
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Figure 5-4: Variable hardness model for numerical simulation of mechanical 
behaviour of tribofilm. Case 1. Corresponds to the case where the tribofilm on one of 
the surfaces deforms. Case 2. Corresponds to the situation where the tribofilm deforms 
on both the contacting bodies. Case 3. Corresponds to complete tribofilm deformed 
on both the contacting surfaces. The plastic deformation has reached the substrate. 
Figure reproduced from [183]. 
5.6 Illustrative simulation of tribofilm growth 
The tribofilm growth model is integrated with the mixed lubrication model to simulate 
tribochemistry. The model integration should take into account the scaling down of 
the experiments and the control of motion of individual surfaces to have different slide 
to roll ratios. At this stage of development, it is not possible to simulate the entire 
geometry of the ball and disc so the numerical domain is only capturing a snapshot of 
the experiment. For the results presented in this study, this snapshot corresponds to an 
area of 0.5mm by 0.5 mm unless otherwise stated. 
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The model algorithm is presented in Figure 5-5. The mixed lubrication problem is first 
solved to get pressure and lubricant film thickness profiles. These pressures are input 
to the tribofilm growth simulation model and wear model. The net effect of wear and 
tribofilm growth is used to modify the geometries of the contact pair. The geometry 
update is performed by subtracting wear and plastic deformation at each respective 
node while the tribofilm growth for each iteration is added to the nodal value of 
surface position. The updated geometry is input to the mixed lubrication model again. 
This process repeats for the duration of the simulation. The geometry of the ball and 
disc surface along with tribofilm growth on each surface are plotted with time. In 
every iteration the mean value of tribofilm thickness and wear on each of the counter 
parts is calculated and saved. The mean value presented is the arithmetic mean over 
the Hertzian zone unless otherwise stated. These values are used to develop the mean 
tribofilm thickness and wear plots presented in the following sections. 
5.6.1 System and model configuration 
In this section, the model is tested to generate tribofilm thickness plots. The details on 
how these plots are developed and the information they can give are presented in the 
previous section. 
The mixed lubrication parameters are fixed first. A numerical grid of 129 x 129 is 
used. Based upon the grid justification given in chapter 3, this grid size is sufficient 
to get reliable results. Liu et al [80] performed detailed mesh density analysis and 
concluded that a mesh density of 129 x 129 is sufficient. The macro-geometry of the 
ball is fixed based upon the experimental values to compare with. In this particular 
example, the ball radius is fixed at 10 mm. The micro geometry (roughness) is 
generated by the method of Hu and Tonder [184] as a 129 x129 matrix of random 
numbers with desired Ra and Rq values. The roughness for individual surfaces is 
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directly input node by node to the macro-geometry of the ball and disc. Once both the 
surface geometries are ready, the contact between these rough surfaces is solved by 
the mixed lubrication solver developed in previous chapters. 
The ball and disc material is assumed to be steel and the hardness for steel is fixed at 
6 GPa. The hardness for the tribofilm of maximum thickness is 2 GPa. The applied 
pressure is 1.26 GPa and the equivalent radius of the ball, Rx is 10 mm. The wear 
track radius is taken as 39 mm (SKF bearing washer WS 81212). The entrainment 
speed is 0.25 m/s. A Newtonian lubricant with viscosity 𝜈 = 0.004 Pa.s and a pressure 
viscosity coefficient of 14.94 GPa-1 is assumed. This value of viscosity is to ensure 
that the initial lambda ratio is 0.04. The equivalent Young’s modulus, considering 
steel substrates is 230.47 GPa. The temperature in all simulations presented in this 
chapter is 90oC. 
The solution to this rough surface mixed lubrication problem gives nodal pressures 
and lubricant film thickness values. The values of film thickness are used to determine 
asperity contact spots. The pressures are then compared with the yield limit for the 
material and truncated. These truncated pressures are then used to extract plastic 
deformation out of the total deformation. The plastic deformation at individual nodes 
is compared against the tribofilm grown on that individual node on the surface. It is 
to be noted that the tribofilm thickness value used for comparison is the one from the 
previous iteration step. This relative magnitude of tribofilm thickness and plastic 
deformation is used to adjust the hardness as discussed in the last section (see Figure 
5-4). The final elastic pressures are input to the tribofilm growth and wear models to 
calculate tribofilm growth and wear of substrate. It is critical to model the interaction 
between the plastic deformation and tribofilm growth as this controls the contact 
mechanics to simulate the physics of the problem correctly. 
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Figure 5-5: Flow chart to explain the numerical simulation of tribofilm growth / 
removal and wear of substrate in mixed lubrication conditions. 
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It is assumed that the tribofilm grows only on the asperity – asperity contacts. The 
effect of shear on the tribofilm growth is included through the factor 𝑥𝑡𝑟𝑖𝑏𝑜. The 
simulation results presented in this chapter are close to boundary lubrication with an 
initial lambda ratio (ratio of central film thickness to the composite roughness of both 
surfaces) of 0.04. Therefore the above assumption is valid. The geometry of both the 
contacting surfaces is changed before the next loading cycle by modifying two key 
aspects of the contact. First, the geometrical features are changed by the plastic 
deformation, wear and tribofilm thickness to evolve the system and the second change 
is actually an indirect change occurring because of the different speeds of movement 
of both surfaces. The movement changes the individual asperities inside the Hertzian 
contact region and controls the number of times the rougher surface moves through 
the contact. 
The tribofilm growth calibration parameter values used are from the work of 
Ghanbarzadeh et al. [120]. They calibrated the tribofilm growth parameters ℎ𝑚𝑎𝑥, 
𝑥𝑡𝑟𝑖𝑏𝑜, 𝐶1 and 𝐶2, based upon the experimental results of Naveira Suarez [114]. The 
roughness of the tribopair are kept the same in this study as well, 100 nm for disc and 
10 nm for ball. Based upon the loading conditions, an area of 0.5 mm x 0.5 mm is 
simulated. 
5.6.2 Tribofilm growth results and analysis 
The tribofilm forms only on contacting asperities. The contacting asperities undergo 
high shear and pressure and an example of the tribofilm growth is given in the 
following Figure 5-6. 
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Figure 5-6: The growth of tribofilm on rough surface. (a) the original rough surface. 
(b) tribofilm formed on rubbing track. The rubbing track is aligned with the X-
direction. The direction of flow is indicated by the arrow. 
(a) 
(b) 
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The results presented in Figure 5-6 show how the tribofilm grows only in the rubbing 
tracks. The tribofilm thickness can be monitored with time. The film thickness 
evolution can be monitored through time and space. The ability to observe the 
tribofilm behaviour at the local level is a big achievement. 
In the next sections, some detailed results for tribofilm growth are presented. 
5.6.3 The patchy growth of tribofilm (3-D evolution of tribofilm) 
The tribofilm grows on surfaces in a patchy fashion. The tribofilm growth has been 
shown to be inhomogeneous and has been observed experimentally as well [96]. The 
inhomogeneity in the growth behaviour of ZDDP is linked to the roughness of the 
surface. When rough surfaces come into contact, the load is distributed among the 
lubricant and solid contacting asperities. The asperities carry load and undergo higher 
shear stresses. This results in more growth and different film formation and removal 
at different spots in the contact giving rise to inhomogeneous growth at different areas 
of the surface. Due to the relative movement of the contacting surfaces, the model 
predicts patchy and inhomogeneous tribofilm growth. This inhomogeneous growth 
gives rise to different wear behaviour at different areas of the surface. Figure 5-7 gives 
the evolution of tribofilm formation with time. A snapshot of tribofilm thickness and 
coverage for different instances is shown and the pad like structure of the tribofilm 
can be seen. 
It can be seen that the tribofilm grows with time not only in thickness but the coverage 
area also increases. There are several reasons for why the area of tribofilm coverage 
increases. The process is dynamic. The tribofilm growth interacts with wear and 
plastic deformation. Thus more and more asperities come into contact due to flattening 
of the high asperities. From the results of tribofilm growth this can be observed 
clearly. 
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Figure 5-7: ZDDP tribofilm formation in the rubbing track. Coverage and thickness 
of tribofilm increases with time as well as the mean tribofilm thickness. Arrows point 
to the direction of flow. An area of 0.5 mm x 0.5 mm is shown. 
The severe loading inside the contact region results in asperities undergoing high 
plastic deformation and wear and consequently, this reduces the height of asperities. 
Thus more asperities come into contact and real contact area increases. Thus the 
tribofilm forms on a greater area and eventually covers the whole surface of the 
rubbing track. The ability of the model to capture this pad-like structure of ZDDP 
T = 1 min T = 5 min 
T = 10 min T = 20 min 
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tribofilm growth is great achievement as this fact has been experimentally observed 
as well [85].  
5.6.4 Tribofilm growth on smooth counterpart surface (Ball, Ra = 10 
nm, Rq = 12 nm) 
The mean tribofilm growth on the surface is the sum of the tribofilm formed on all the 
rubbing track. The rubbing track is defined as the distance along the wear track with 
the width equal to the Hertzian contact diameter. It should be noted that the wear track 
width increases with time due to wear and plastic deformation of ball and disc. Thus, 
in the current model, the mean values of tribofilm growth are presented for all the 
points on which the tribofilm forms on either surface while the points with zero 
tribofilm thickness are excluded.  
The tribofilm formation behaviour on the ball and disc is not very different.  The 
tribofilm formation takes more time to reach a mean value on the ball compared to the 
tribofilm formation on disc. The main reason being the roughness of the counter 
bodies being very different. The ball is almost 10 times smooth compared to the disc 
and thus, experiences less severe pressures on individual asperities compared to the 
disc. The second reason to this difference is the different individual speeds of the two 
surfaces which gives rise to slide to roll ratios. Therefore, a stronger overshoot is 
observed in the mean tribofilm thickness value on the ball as seen in Figure 5-8. The 
SRR is fixed at -2.0 % for all the tribofilm growth graphs presented in this chapter. 
The tribofilm coverage was also studied and it was found that the smooth surface has 
a tribofilm growth pattern that gives full coverage of surface very quickly but the 
mean tribofilm thickness value is lower compared to the rough surface tribofilm 
thickness value. 
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Figure 5-8: Mean tribofilm thickness on the smoother counterpart. (Ball surface 
roughness, Ra = 10 nm, Rq = 12 nm 
5.6.5 Tribofilm growth on Rougher counterpart surface (Disc, Ra = 
100 nm, Rq = 127 nm) 
The tribofilm growth on the rough counter-part is similar to that of the smooth surface 
case as shown in Figure 5-9 but some differences exist. The tribofilm coverage is low 
but the tribofilm mean thickness value is considerably high and establishes very 
quickly. This is expected as the rougher surface will have more inhomogeneity in the 
tribofilm growth behaviour and thus, the wear is also more non-uniform due to the 
wear reducing effect of tribofilm. The tribofilm growths to near maximum height at 
some of the contact points while the tribofilm growth at some of the asperities inside 
the contact is still very low and near zero. The overshoot in the mean tribofilm growth 
is less prominent for the rougher counterpart. Experimentally, the overshoot is linked 
to the removal of the tribofilm. The removal of tribofilm has been modelled in this 
study and thus, its effect on surfaces with different roughness values is also observed 
and is a very strong edge of our model. The overshoot can also be linked to the lower 
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coverage of the tribofilm on the rougher surface. The severity of the contact in case 
of rougher surface gives the tribofilm formation behaviour in which formation is 
dominant while for the smooth counterpart, the tribofilm coverage is more so more 
removal is observed. 
 
 
Figure 5-9: Mean tribofilm thickness on the rougher counterpart. (Disc surface 
roughness, Ra = 100 nm, Rq = 127 nm 
The tribofilm growth and removal can be simulated with confidence with the 
developed model. 
5.7 Effect of slide to roll ratio on the tribofilm growth 
In this section, the tribofilm growth on the smooth counterpart (the ball) is presented 
for different values of slide to roll ratio. The smoother counterpart in our case is the 
ball for which the roughness is fixed at Ra = 10 nm and Rq = 12 nm. It can be seen 
from the results presented in the last section that the tribofilm grows for a smoother 
counterpart with overall smaller values of mean thickness but more coverage and a 
more pronounced overshoot as was shown in Figure 5-8. 
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Figure 5-10: Tribofilm growth and mean tribofilm thickness as a function of time for 
different slide to roll ratios on the ball. (a) negative SRR values. (b) positive SRR 
values. 
(a) 
(b) 
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The slide to roll ratio represents the amount of sliding present in the contact 
configuration. This sliding results from the different speeds of the two surfaces. 
 𝑆𝑅𝑅 =
2(𝑈𝑏𝑎𝑙𝑙 − 𝑈𝑓𝑙𝑎𝑡) 
𝑈𝑏𝑎𝑙𝑙+ 𝑈𝑓𝑙𝑎𝑡
                                        (5-9) 
According to this definition positive slide to roll ratios correspond to the ball moving 
faster while the negative slide to roll ratios correspond to the flat / disc moving faster. 
Thus, the results presented in this section should be analysed with this relative speeds 
in mind. 
The numerical parameters are kept the same as defined in section 5.6.1. In the results 
presented in  the previous sections, the slide to roll ratio was fixed at -2 %. Now the 
slide to roll ratio is changed from -10 % to +10 %. The results for the tribofilm growth 
are presented for four representative values of tribofilm growth in the positive and the 
negative range as shown in Figure 5-10. A trend in the tribofilm mean thickness values 
can be observed for different SRR values. 
The mean tribofilm thickness is almost the same for both the positive and the negative 
SRR values and no matter what differences exist between the initial tribofilm growth 
behaviour, the mean tribofilm thickness values all reach a similar value. This 
behaviour has been reported by Naveira-Saurez [114] as well and will be discussed in 
the next section. Thus, the model produces the experimentally observed qualitative 
trends successfully. Observing the trend by moving from the negative SRR, -10 % to 
the positive SRR, +10 %, it can be see that the tribofilm thickness values overshoot is 
linked to the SRR. For higher values of SRR, the overshoot is more obvious. 
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5.8 Model validation and discussion 
The tribofilm growth model used in this work is adopted from the work of 
Ghanbarzadeh et al. [120]. The growth model requires fitting of experimental values 
and the values for the fitting parameters used in the current simulations were also 
adopted from their work and have been given in the previous section. They present 
their results in two forms: either taking the average over all the nodes in the simulation 
cell or taking the average over all nodes where the tribofilm thickness is greater than 
80 % of the maximum value of tribofilm thickness in a single step. They refer to the 
latter as the mean over maximum tribofilm thickness values. The results presented in 
this section are for the average over all nodes. 
 
 
Figure 5-11: Comparison of tribofilm growth from current model against the work of 
Ghanbarzadeh et al. [120] 
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In the previous sections, the tribofilm thickness values presented are for the mean over 
the complete numerical solution domain by the tribofilm thickness at each node and 
taking their average over all nodes. But only the nodes with non-zero tribofilm 
thickness values are included. 
The tribofilm thickness values from the current model compare and agree very well 
with the tribochemical models in boundary lubrication. The results in Figure 5-8 are 
reproduced along with the results from Ghanbarzadeh et al. [120]. A comparison of 
tribofilm thickness values for the slide to roll ratio of -2 % are presented. The values 
of tribofilm thickness from the current study agree very well with their results. The 
qualitative match is very good but the magnitude of predicted tribofilm mean 
thickness is lower, see Figure 5-11.  
There can be many reasons to this difference. First of all, the presence of lubricant 
inside the rubbing track can carry a significant amount of load but based upon the 
assumption of tribofilm growing only on the contacting asperities, does not contribute 
to the tribofilm growth. Thus, the tribofilm growth and wear cause a reduction in the 
load carried by the asperities and tribofilm growth reduces with time. This reduction 
is in addition to the reduction in tribofilm growth due to the self-limiting nature of 
tribofilm. Thus, overall lower values of tribofilm thickness are expected. Secondly, 
the simulation area in the current study is orders of magnitude bigger compared to the 
existing boundary lubrication solvers. This causes differences in the values of 
tribofilm formation due to statistical inconsistencies. Here, the tribofilm is simulated 
in the entire wear track and averaging is performed for the complete wear track. 
Thirdly, the tribofilm growth model in the current study requires integration with the 
plastic deformation model. The plastic deformation model in the current study 
simulates plastic deformation irrespective of the state of contact i.e. the fluid pressure 
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can also cause plastic deformation. This may cause reduced tribofilm growth and 
ultimately, the tribofilm thickness values, due to differences in the plastic behaviour. 
The work of Ghanbarzadeh et al. [120] is centred around fitting the tribofilm growth 
model parameters to experimental parameters. They use experimental results from the 
study of Naveira-Suarez [114]. Andersson et al. [22] also developed a tribofilm 
growth model and fitted their results to the experimental values of tribofilm thickness 
values from Naveira-Suarez [114]. Thus, next results are plotted for the tribofilm 
thickness values from the current model against the values predicted by the model of 
Andersson et al. [22]. Comparison of Figure 5-12 and Figure 5-13 shows that the 
differences in the predictions from the current model and their results. It is to be noted 
that the geometrical and working conditions for the simulation results presented in 
figure Figure 5-12 are similar to the work of Andersson et al. [22] who performed 
simulations to capture the tribofilm growth behaviour observed by Naveira-Suarez 
[114]. The results agree well but again the predicted values are, once again, 
comparatively lower. 
The key difference being the presence of overshoot in our model due to inclusion of 
removal of tribofilm. This feature was absent in Figure 5-13. A comparison of the 
plots also shows that the effect of SRR on the mean tribofilm thickness produced by 
the developed model give a very good quantitative match. The mean tribofilm 
thickness is lower for higher values of SRR and increases with decreasing values of 
SRR. This is confusing as the sliding is considered to be the main cause of shear and 
higher tribofilm growth in rubbing contacts.   
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Figure 5-12: Tribofilm thickness values as a function of time for different values of 
positive SRR. 
 
 
Figure 5-13: Tribofilm thickness results from Andersson et al. [22] 
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This may be true for contacts where the roughness of counterparts is the same. But 
the results in Figure 5-12 have been produced for the contact between a smooth ball 
and a rough disc and the results are presented for the smoother counterpart. Thus, the 
reason for the increased value of tribofilm thickness with decreasing SRR is not 
sliding. The main reason here is that positive SRR values correspond to faster 
movement of ball and thus, for a single loading cycle on the disc / flat, the ball 
undergoes more cycles and vice versa. A greater magnitude of positive SRR would 
mean the same. Thus, a smaller value of SRR means that the disc / flat undergoes a 
relatively greater number of loading cycles for the same number of loading cycles 
considered for the ball. Therefore, more passes of the rougher counterpart will results 
in higher values of tribofilm thickness.     
Next simulations are performed to compare the tribofilm growth results from the 
current model against experimental results from Parsaeian et al. [185]. The tribofilm 
growth parameters for running current simulations have been taken from the work of 
Ghanbarzadeh et al. [175]. The tribofilm growth was simulated for different values of 
temperature. Three values of temperature were used i.e. T = 60oC, T = 80oC and T 
=100oC and the concentration was taken as 1% wt ZDDP. 
The diameter of the ball and disc was 19.05 mm and 46 mm, respectively. The value 
of SRR is 5 %. The roughness of the ball and disc is 20 nm and 130 nm, respectively. 
The Hertzian contact pressure is 1.15 GPa and the entrainment speed is 𝑈𝑟 is 0.1 m/s. 
The lubricant viscosity and the pressure viscosity coefficient are fixed to get the 
lambda ratio of 0.04. The results for the tribofilm growth from the current model are 
presented in Figure 5-14 along with the experimental results. The model produces 
experimental results with good accuracy. These tribofilm thickness results also 
quantitatively compare very well against the modelling results of Ghanbarzadeh et al. 
[175] but the once again, the overshoot is not produced quite well. The experimental 
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tribofilm thickness values also show very subtle presence of the overshoot as shown 
in Figure 5-14.  
 
Figure 5-14: Experimental validation of tribofilm growth results. Experimental results 
are digitized from the work of Parsaeian et al. [185]. 
 The tribofilm thickness values produced by the current model are within the 
experimental error range. Although the mean tribofilm thickness produced by the 
current simulation method are very similar to the experimentally observed values, the 
pathway to reach the mean tribofilm thickness is different. The simulation results 
show a steady growth of tribofilm over a longer period of time in the 2 hour 
experiment whereas the experimental results show very quick growth of tribofilm and 
the mean tribofilm values are established in the first 20 to 30 mins. 
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5.9 Summary 
The current chapter outlines a robust numerical procedure for incorporating 
tribochemistry into a mixed lubrication model. The mixed lubrication model is based 
upon the  unified solution algorithm and thus, the lubrication regime can be controlled 
as well as monitored from full film down to boundary lubrication. Therefore, the 
model enables the study of not only the effect of lubrication quality on tribochemical 
behaviour but the effect of tribofilm formation and wear on lubrication parameters as 
well. This latter part is the topic of next chapter. 
The tribofilm model when integrated with the mixed lubrication model, enables the 
simulation of tribofilm growth. The tribofilm growth changes the local physical and 
mechanical properties of the surface locally. This local change in interfacial behaviour 
changes the macroscopic behaviour of the contact through friction and wear. 
The tribofilm growth model requires fitting of key parameters to experimental data. 
In the current framework, the values of fitting parameters were used from the 
literature. The different factors driving ZDDP tribofilm growth are reviewed and 
discussed in the context of the model. The modelling studies until now mainly 
consider the growth under boundary lubrication conditions while the current model 
takes the lubricant physical properties into account. Several approaches to model the 
tribofilm growth are available in the literature but the current model is chosen as the 
fitting parameters are available for a range of experimental conditions. The ZDDP 
tribofilm growth can be simulated for different roughness and different slide-to-roll 
ratios, in fact, the model can be adapted to most experimental configurations. An 
inhomogeneous tribofilm growth was observed which is in line with experimental 
findings. The relative importance of surface coverage and plastic deformation and 
wear is highlighted and the reasons for inhomogeneous tribofilm growth discussed. 
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The experimental studies observe the growth of tribofilm using the spacer layer 
interferometry method (SLIM) and report the tribofilm growth on the ball surface. 
The tribofilm growth on the disc cannot be observed using the SLIM apparatus. The 
tribochemical mixed lubrication model developed is able to capture tribofilm growth 
and wear on both the counter parts. Thus the tribofilm growth on the smoother and 
rougher counterparts are presented separately and the reasons for the qualitative and 
quantitative differences discussed. The ball surface (smoother) covers faster to reach 
full coverage while the disc surface (rougher) covers slow and only reaches full 
coverage asymptotically. 
The tribofilm formation and removal and the distinction between removal of tribofilm 
and wear of substrate will give exciting information about the internal working of the 
contact mechanics and its interaction with lubrication. The tribochemical model 
considers the mechanical properties of the lubricant, the tribofilm and the substrate. 
The difference in the lubricant additives and additive concentrations is controlled by 
experimental fitting. This makes the model semi-analytical. But this is also the 
strength of the model. The experimental fitting parameters make it possible to adapt 
the set up to experiments. The model can distinguish between the macroscopic as well 
as microscopic features of the contact. The microscopic contact parameters like the 
nodal pressures, lubricant film thickness and elastic and plastic deformation can be 
linked to the macroscopic parameters like friction and wear. The ability to scale down 
the experiments to simulate exactly similar conditions makes the model much more 
robust and useful. This is because by simulating a finite area, the key contact 
characteristics describing the contact mechanics, lubrication and tribochemical 
parameters can be calculated and matched to real experiments. 
The growth of tribofilm in the mixed lubricated contact is simulated. A comparison 
of tribofilm growth behaviour for different values of SRR shows that not only the 
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presence of sliding but the relative roughness of each surface and their relative speeds 
of movement also affect the tribofilm growth behaviour. The tribofilm growth 
behaviour produced by the current method gives very good qualitative match with the 
published simulation results but quantitative differences exist. These differences are 
within the experimental error range of MTM-SLIM experiments. The tribofilm 
growth model was also compared experimental results of tribofilm growth and the 
current model produces mean tribofilm thickness values that are in good agreement 
with experimental values but the pathway to reach the steady mean values is not very 
well reproduced. Despite these differences, the current model gives a very powerful 
analysis tool to study the growth of tribofilm in the contact mechanics where the 
lubrication regime can range from full film to full dry contact conditions. The 
presence of lubricant and its effect on tribofilm growth can be studied and most 
importantly, the effect of tribochemical film growth on the lubrication parameters can 
be studied.  
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Chapter 6  
Interfacial Mechanics: 
The interaction between tribochemistry and 
lubrication science 
This chapter outlines the effects of tribofilm growth on the mixed lubricated contact. 
In section 6.1, a background to the interfacial mechanics concept is given. The most 
important parameters in mixed lubrication are the lambda ratio, contact area ratio, 
contact load ratio and the central film thickness as outlined in section 6.2. These 
parameters are significantly affected by the tribochemical film growth.  
The experimental as well as numerical studies mainly present the starting values of 
the lambda ratio while these mixed lubrication parameters are not modelled and are 
experimentally not measurable. The results are presented in section 6.3 for an 
illustrative case.  The results are presented using two sets of simulation cases. The 
first set of simulations and the corresponding results are presented in section 6.3.4 and 
are meant to illustrate the evolution of key lubrication parameters over time. The 
second set of simulations are performed with more realistic values closer to 
experimental conditions and aid discussion on the hypothesis presented in this 
chapter. This results from this second set of simulations are given in section 6.3.5. 
To date there has been no study dealing with this problem and this is the first attempt 
to capture the interfacial mechanics of tribofilm growth to link the science of 
lubrication and contact mechanics with the tribochemical phenomenon. 
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6.1 Background to problem 
The first successful EHL solution appeared in 1951 with the pioneering study of 
Petrusevich [186]. Since then for the last 60 years the field of EHL study has been 
continuously evolving. Although the mixed lubrication models have evolved from the 
study of EHL, conceptually, EHL and boundary lubrication are special cases of mixed 
lubrication.  
Initially, the EHL models were mainly developed for smooth surfaces or artificial 
roughness. Full film conditions were considered and asperity contacts were not 
present in these models. Then stochastic models appeared that considered the effect 
of roughness and could only handle mild contact conditions (λ < 0.5). Real surfaces 
are rough and the roughness and lubricant film thickness are comparable. Thus, it is 
very difficult to have a full film contact in practice. Mixed lubrication is the state of 
lubrication where both fluid film and solid contacts are present. The machine elements 
generally operate in this lubrication regime or at least experience mixed contact 
conditions during start up and slow down of the contact.  
The studies focusing on lubrication transition should consider mixed contact as a 
crucial element. Thorough understanding of the mixed lubrication behaviour is also 
critical for comprehending and eventually modelling the failure of machine 
components. The mixed lubrication analysis can give detailed information about the 
contact performance in terms of deterministic maximum pressures and minimum film 
thickness. These can be used to extract macroscopic variables like friction, flash 
temperatures and the surface and subsurface stress values. Developing experimental 
setups and numerical models to study mixed lubrication are therefore, the need of the 
time. 
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The mixed lubrication model developed in chapter 3 is based upon the unified solution 
algorithm. This model is capable of simulating the entire transition from no fluid film 
to full EHL film and the roughness can be input in every form ranging from the 
simplest cases of single asperity calculations to more complicated case of artificial 
sinusoidal roughness calculations to real random roughness calculations. The 
roughness can be computer generated, as done in this work, or real random roughness 
measured experimentally input to the simulation model as a collection of surface 
height values. The orientation of roughness can also be controlled by using 
appropriate mathematical functions. This is a great achievement. The idea for unified 
solution of EHL problems was first given by Zhu and Hu [75] in 1999. Then Holmes 
et al. [78] proposed a unified solution model to solve the mixed lubrication problem 
in gear applications. Li and Kahraman [79] presented a unified solution to the EHL 
problem based upon the asymmetric integrated control volume approach to overcome 
grid dependence of the previous EHL solutions methods. The basic idea is to solve 
the mixed lubrication problem by using the Reynolds equation to calculate the contact 
and fluid pressures. 
The unified algorithm has been improved in many ways. During the last 15 to 20 
years, there has been many refinements to the method. Wang et al. [187] implemented 
the DC-FFT method into the unified algorithm. This improved the calculation 
efficiency significantly. EHL solution algorithms are prone to mesh dependency and 
this issue was addressed by Liu et al. [80]. Then Zhu [82] clarified the concept of 
definition of contact as a limiting value of lubricant film thickness and suggested a 
range of acceptable mesh densities. These ideas were further discussed and clarified 
by Wang et al. [83] who compared the solutions from unified algorithm using 
Reynolds equation with the boundary lubrication solver. Then Wang et al. [188] 
devised a method to simulate interasperity cavitation in unified solution algorithms 
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by combining the concepts of fractional film defect given by Jacobsson and Flodeberg 
[189] and the mass conserving algorithm proposed by Elrod [190]. 
 
Figure 6-1: The state of the art in unified mixed lubrication models being able to 
predict the contact parameters through all the lubrication regimes [20, 76, 82]. 
The current status of the unified mixed lubrication models is presented in Figure 6-1 
where the pressure and film thickness can be predicted deterministically through all 
lubrication regimes. No effort has been made until now to include the tribochemical 
effects into the unified algorithm. The potential reason behind this can be the 
definition of asperity contact. Boundary lubrication is defined as the state where 
contact characteristics are dominated by asperity contacts and the state of contact is 
considered as the absence of any lubricant hydrodynamic film. This concept requires 
a second thought as the dry contact condition is defined using continuum principles 
and the contacts are rough at the atomic scale where the atomic interactions control 
interfacial chemical phenomenon. The limitations on the use of continuum models to 
describe contact mechanics were studied and discussed by Luan and Robbins [191]. 
They suggest that the continuum assumption breaks down as the atomic dimensions 
are reached. The lubricant also loses its continuum nature and starts to dissociate at 
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the interface as suggested by the work of Spikes [192] and Luo et al. [193] and 
recently pointed out by Zhu and Wang [20]. Thus, the unified solution model is not 
suitable for representing any atomic scale effects in its conventional implementation. 
In the previous chapter, chemical interactions are included, in an approximate but 
clever way, in the unified solution model to solve the mixed lubrication problem. The 
growth of tribofilm under mixed lubrication conditions was presented and validated 
against published simulation results, in the previous chapter. 
In engineering components, power is mainly transmitted through interfaces. Several 
complex phenomenon are taking place simultaneously at these interfaces and the 
problem is a true multiphysics problem requiring integration of relevant branches of 
science as shown in Figure 6-2. The ultimate goal is to include advanced theories to 
simulate such complex interface by releasing the assumptions one by one. A model 
enabling the study of complex interfacial phenomenon where several physical 
phenomenon occur simultaneously is required [20]. 
 
Figure 6-2: A glimpse of complex phenomena happening at the interface [20]. 
Zhu and Wang [20] in their recent review on EHL literature stress on the importance 
of including the micro- and nano-scale properties of interfaces as these strongly affect 
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the macroscale contact performance as shown in Figure 6-2 . Therefore, a multiscale 
analysis approach is required.  
Some studies using molecular dynamics simulations have started to appear [194, 195] 
but these are limited to fundamental understanding of the interfacial phenomenon. An 
engineering model capable of bridging the gap between the micro- / nano-scale 
phenomenon and the macroscale contact performance parameters is still missing. 
This gap is filled by the model developed in the current study. Our model successfully 
bridges the gap between lubrication, contact mechanics and tribochemistry. This 
overcomes the continuum restriction as described earlier. Thus a powerful tool 
capable of analysing interfacial phenomenon is developed. It enables design of 
lubricants considering interfacial mechanics and vice versa. Such models are the need 
of time and give a platform for future development by incorporating more physics. 
 
6.2 Terminology update for describing mixed lubrication 
The parameters to define the mixed lubrication regime are redefined to describe the 
results consistently with the EHL parameters. The commonly used terms like central 
film thickness, minimum film thickness and lambda ratio (ratio of central film 
thickness to composite roughness) are no longer defined in the traditional way as used 
in EHL literature. The lambda ratio has been defined by several authors in different 
ways. Thus, to describe mixed lubrication, lambda ratio has to be redefined to describe 
the comprehensive lubrication characteristics. In the following, some key parameters 
are defined and the importance of these changes is highlighted.  
6.2.1 Minimum film thickness (hm) 
The term minimum film thickness is no longer valid. In EHL analysis this minimum 
film thickness parameter is given great importance as it is related to the design of 
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components. In mixed lubrication the coexistence of asperity contacts and lubricated 
regions means that the minimum film thickness is always zero. The asperity contacts 
are always present. It is important to note that this minimum film thickness is no 
longer fixed in space and is a highly localized transient parameter that changes in 
space with time. This complicates the design process. Therefore, the use of minimum 
film thickness is no longer a key parameter to describe global lubrication 
characteristics. 
6.2.2 Central film thickness (hc) 
The conventional definition of central film thickness is based upon the formulae 
developed long ago. These formulae were developed for smooth surface EHL cases. 
Therefore this formulation needs modification to use it for rough surface EHL cases. 
Zhu and Ai gave an idea to describe the global lubrication characteristics in rough 
surface EHL and mixed lubrication cases by defining an average value of film 
thickness. Their definition of average film thickness assumes an average of film 
thickness values within a pre-set radius from the centre of the normalized Hertzian 
contact region. A value of 
2
3
 times the Hertzian contact radius was suggested and this 
value has been consistently used in this study as well. It is to be noted that this radius 
actually defines the window of analysis and the size of this window of analysis is not 
fixed. To fix its size a general criteria proposed in this study is to include a sufficient 
number of data points in this window so that the calculated average values are smooth. 
But too large values should be avoided to avoid the effect of edges on the boundary 
of contact domain.  
The advantage of using this type of formalism is that when a full lubricant film is 
present, this value is very close to the value of central film thickness obtained from 
the conventional formulae but when the contact is in a mixed or boundary lubrication 
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regime, this film thickness value is identical to the average gap that was defined by 
Jiang et al. [11]. There is a trade-off between choosing a sufficiently large value of 
this window to get better averaging and avoiding edge effects. The number of points 
should be enough to minimize the effect of small asperity movements but at the same 
time, edge effects should not dominate this average film thickness value [76]. The 
average film thickness can also be called average gap when the lubrication regime is 
close to boundary. 
6.2.3 Film thickness ratio (lambda ratio / λ ratio) 
The term λ ratio is defined as the ratio of average film thickness (defined above) to 
the composite roughness inside the contact. For the last 50 years, the lambda ratio has 
been used as a universal parameter to describe the global lubrication behaviour. The 
presence of roughness makes its definition complicated and the presence of asperity 
contact spots in a mixed contact situation requires redefinition of the long established 
λ ratio. In a recent experimental study, the need to define a new lambda ratio that more 
realistically considers current engineering trends has been developed and its need is 
emphasized [196]. In the current study, unless otherwise stated, the lambda ratio is 
the ratio of average film thickness value to the composite roughness value. This 
definition enables the comprehensive study of lubrication behaviour through all 
lubrication regimes and gives identical values under full film conditions. The lambda 
ratio is also referred to as the film thickness ratio. 
It is to be noted that the average film thickness and composite roughness are variable 
as the contact is continuously evolving due to wear, tribofilm growth and plastic 
deformation and the relative movement of surfaces to maintain certain slide to roll 
ratios. 
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6.2.4 Conventional Film thickness ratio 𝝀𝑶𝑳𝑫 
The study of mixed lubrication sometimes requires a comparison between these 
modified parameters and the conventional parameters. To enable this, the 
conventional lambda ratio is also used frequently. In this study, it is sometimes also 
referred to as 𝜆𝑂𝐿𝐷. By definition, it is the ratio of central film thickness to the 
composite roughness. 
It is to be noted that in this definition, the central film thickness is calculated from the 
Dowson and Higginson equation while the roughness is modified with time. This 
definition enables comparison and to assess the relative importance of roughness in 
improving or reducing lubrication performance. If the conventional lambda ratio is 
smaller, the roughness has the effect of improving lubrication and roughness hinders 
lubrication effectiveness if this value is bigger than the actual mixed lubrication 
lambda ratio defined above. 
6.2.5 Contact area ratio 𝑨𝒄 
The contact area ratio and the contact load ratio were both defined first by Jiang et al. 
[11]. The apparent area of contact in a mixed lubricated or rough EHL contact is the 
Hertzian area of contact. In reality however, the area of contact is very small. First the 
contact is initiated at a single asperity and soon more and more asperities start to come 
into contact. The load carried by the asperity contacts keeps increasing. With 
increasing contact severity, more and more asperity contacts occur and soon support 
majority of load. Thus, it is critical to define a parameter to consider the change in 
real area of contact as the contact evolves. The ratio of real area of contact (defined 
by discrete asperity contact spots) to the nominal Hertzian contact area is called the 
contact area ratio, 𝐴𝑐. This parameter is directly related to the macroscopic friction, 
- 179 - 
wear and tribofilm growth. Therefore the effect of the tribofilm on this parameter 
gives the effect of tribofilm growth on the general mixed contact. 
6.2.6 Contact load ratio, 𝑾𝒄 
The contact load ratio is the ratio of the load supported by the asperity contacts to the 
total load. This parameter is very important for lubrication transition studies as the 
higher the contact load ratio, the higher the boundary lubrication contribution. 
Although roughness starts to change contact characteristics long before the actual 
asperity contact takes place, the contact load ratio is zero in full film conditions. When 
the contact load ratio has exceeded 0.8 or 80 %, it is believed that the lubricant has a 
negligible effect in changing the lubrication performance and the contact is assumed 
to be in boundary lubrication. 
6.3 Illustrative tribochemical simulation of mixed 
lubrication 
In the next sections, the tribochemical mixed lubrication model is used to study the 
effect of tribofilm growth on the lubrication mechanics and the results for the dynamic 
evolution of the key lubrication parameters identified and modified above is presented 
to analyse the effect of ZDDP tribofilm on lubrication behaviour. To illustrate the 
interfacial mechanics of tribofilm, simulations are run with the input and numerical 
parameters listed below. First the evolution of the central film thickness (ℎ𝑐), lambda 
ratio (𝜆 ratio),  contact area ratio (𝐴𝑐) and contact load ratio (𝑊𝑐) is presented for a 2 
hour simulation time to observe combined effect of wear and tribofilm growth. Then 
two representative simulation cases are performed. First case without any tribofilm 
growth and the second case with active tribofilm growth. First a comparison of 
conventional and modified mixed lubrication parameters is presented and then 
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comparative results for the two cases are presented by comparing ℎ𝑐, 𝑊𝑐, 𝐴𝑐 and 𝜆 
values in the presence and absence of ZDDP tribofilm growth.    
6.3.1 Numerical details 
The mixed lubrication problem is solved on a uniform grid of 129 x129 nodes. The 
first set of simulations were performed with the same input and operational conditions 
as used in chapter 5 and are taken from the first study by Ghanbarzadeh et al. [120]. 
The second set of simulations are performed with input parameters taken from the 
second study by Ghanbarzadeh et al. [175] as this work was done alongside 
experimental work and more realistic parameters were used.  
6.3.2 Input parameters for simulations to study the comparative 
effect of tribofilm growth and wear 
A steel ball is in contact against a steel disc and both are assumed to yield at 6 GPa 
while the tribofilm yield pressure is set as 2 GPa for the tribofilm of maximum 
thickness. The applied pressure is 1.26 GPa. The radius of curvature for the ball is Rx 
= 10 mm and the wear track radius on disc is 39 mm and the equivalent modulus is 
230.47 GPa. For a schematic representation of the wear track radius, please see Figure 
6-3. 
A Newtonian lubricant with viscosity, 𝜈 = 0.004 Pa.s and pressure viscosity 
coefficient of 14.94 GPa-1  is flowing with rolling speed / entrainment speed, Ur = 
0.25 m/s. The temperature is fixed at 90oC and the results are presented for an SRR 
value of -2.0 %. The tribofilm growth parameters used are hmax = 176 nm, xtribo= 
4.13x10-16, C1 = 0.1125 and C2 = 0.0006799. 
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Figure 6-3: The illustration of the wear track and associated parameters. 
6.3.3 Input parameters to study the effect presence and absence of 
tribofilm 
A simplified MTM-SLIM experimental ball-on-disc configuration is simulated. The 
steel ball has a diameter of 19.05 mm. In the simulations, the wear track radius is 
taken to be 23 mm. The applied pressure is 1.15 GPa the roughness on the ball and 
disc is Rq = 20 nm and Rq = 130 nm respectively. The lubricant rolling speed / 
entrainment speed, Ur, is 0.1 m/s with an SRR value of 5 %. The temperature of the 
contact is fixed at 80 oC. The lubricant properties, the equivalent modulus and the 
material and tribofilm yielding limits are kept the same as above. The tribofilm growth 
parameters are hmax = 200 nm, xtribo = 1.66x10
-16, C1 = 0.05432 and C2 = 0.0004022. 
6.3.4 Results 
First, the results are presented for the central film thickness evolution for a simulation 
experiment of 2 hours as shown in Figure 6-4. The central film thickness changes with 
time due to the dynamic evolution of the contact. Due to the gradual removal of the 
substrate material, the lubricant entrainment reduces. The lubricant entrapped inside 
the contact reduces due to reduction in roughness. In the first 5 to 10 minutes, the 
central film thickness increases due to increase in roughness inside the contact due to 
Disc outer  
surface 
Wear track 
Ball 
Wear track radius 
Wear track 
width 
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tribofilm growth but as soon as the wear overcomes tribofilm growth the central film 
thickness reduces. This can be seen by close examination of the central film thickness 
evolution in time. It increases first and then decreases and finally reaches an 
asymptotic value of 18 nm in the current simulation test after 2 hours. As defined 
earlier, the central film thickness is defined over the normalized central 
2
3
 times 
Hertzian contact region. This gives the dynamic changes in film thickness occurring 
in real time. 
A close look at the central film thickness evolution results gives a very clear indication 
of the processes happening inside the contact. Whether wear or tribofilm growth 
dominates, can be quickly identified. But only examining the central film thickness 
does not give the complete contact characteristics. 
 
Figure 6-4: Central film thickness evolution in a 2 hour simulation. The relative 
importance of tribofilm growth and wear can be identified. The hump in the 
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beginning is where the tribofilm is dominating the contact characteristics. The latter 
part refers to the region where wear dominates the contact performance. 
Next the results for the changes in lambda ratio are presented shown in Figure 6-5. 
The film thickness ratio / λ ratio gives the entire transition of lubrication 
characteristics over time. The relative changes in roughness and central film thickness 
are given by the λ ratio. The central film thickness changes and the roughness also 
changes over time. The roughness is also averaged over 
2
3
 times normalized Hertzian 
contact region. 
 
 
Figure 6-5: Film thickness ratio / λ ratio evolution in a 2 hour simulation. The 
relative importance of tribofilm growth and wear can be identified. 
It can be clearly seen in Figure 6-5 that the rate of change of λ ratio is less pronounced  
compared to the rate of change of central film thickness. But the presence of a slight 
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increase in the first 5 to 10 minutes is visible in both the plots. But one thing is very 
clear that the lambda ratio is still decreasing even after 2 hours of simulation test but 
the rate at which the lambda ratio decreases is reducing with time. The roughness of 
the disc reduces while the roughness of the ball increases over time. Thus the overall 
composite roughness decreases. 
The mechanics of the contact in a mixed lubrication state are best described through 
the contact area ratio 𝐴𝑐 and contact load ratio 𝑊𝑐. A slight increase in the contact 
area ratio is observed during the first 10 minutes and an eventual reduction afterwards. 
This trend is similar to that observed in the plots of central film thickness and λ ratio 
but the contact area ratio curve seems expanded in time showing a comparatively 
slower change in area ratio. The phenomenon that was observed in the values of 
lubricant central film thickness and λ ratio in the initial 5 to 10 minutes is spread over 
20 minutes in the case of contact area ratio. Thus the contact area ratio is less affected 
by the dynamic changes occurring inside the contact due to tribofilm growth / removal 
and plastic deformation and wear of the substrate. 
The results presented in Figure 6-6 show that the growth of tribofilm seems to have 
no effect on the contact load ratio as the parameter 𝑊𝑐 seems unaffected during the 
initial phase of simulation where tribofilm growth is dominating contact performance 
as shown in Figure 6-6. The contact load ratio decreases throughout the contact area 
indicating that the tribofilm growth and wear reduce the contact load ratio but it is not 
possible to see the competitive processes happening inside the wear track through 𝑊𝑐. 
In other words, whatever happens inside the tribochemically active contact, the 
contact load ratio 𝑊𝑐 is not affected. 
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Figure 6-6: The changes in the contact area ratio and contact load ratio in a 2 hour 
simulation test. The relative importance of tribofilm growth and wear can be easily 
identified in the contact area ratio while the contact load ratio seems unaffected by 
the growth of tribofilm. 
It is to be noted that the averaging procedure adopted for obtaining the values of 𝐴𝑐 
and 𝑊𝑐 is the same as used for obtaining the values of central film thickness i.e. 
averaged over 𝑟 <
2𝑎
3
 (where a is half width of Hertzian contact). Therefore, the 
changes presented in Figure 6-6 are the real time changes occurring inside the wear 
track with time. 
6.3.5 Discussion: The presence of tribofilm and its effects  
The results presented in the above section clearly demonstrate that the tribofilm 
growth affects the mixed lubricated contact. The central film thickness 𝐻𝑐, the film 
thickness ratio λ, the contact area ratio 𝐴𝑐, and the contact load ratio 𝑊𝑐 have been 
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presented in the previous section. In the current section, the presented results are 
discussed. These results are the first attempt to model the tribochemical effects in 
mixed lubrication and simulate the effects of tribofilm formation on the lubrication 
parameters. Therefore no direct comparison is available. Thus, the discussion is 
mainly based upon the interpretations of the effects seen in the plots of 𝐻𝑐, λ ratio, 𝐴𝑐 
and 𝑊𝑐. The effects of tribofilm due to its presence and its smart mechanical properties 
is highlighted. 
 
Figure 6-7: Assessment of the effect of tribofilm growth on roughness evolution. 
These plots correspond to the ball surface. 
The presence of tribofilm roughens the contact. This can be observed in Figure 6-4 
and Figure 6-5 as well but is clearly seen in Figure 6-7. The plot of roughness 
evolution with time over the simulation is plotted and the roughness in the presence 
of additive stays higher throughout the 2 hours simulation test. The tribofilm thickness 
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reaches its mean thickness very quickly in the first 20 minutes (see chapter 5). The 
wear rate is also very high initially but is quickly slowed down by the tribofilm. This 
is because the reduction in wear rate is linked to the presence of the tribofilm as well 
as the reduction in asperity heights and this eventually is linked to reduced plastic 
deformation. The tribofilm thickness eventually reaches its mean value and no more 
growth takes place. In fact the tribofilm formation and removal dynamically balance 
each other. 
The tribofilm formation very quickly changes the mechanical properties of the 
surface. This is due to the reduction in the yielding pressure which makes the plastic 
deformation easier but on the other hand reduces the maximum local contact pressures 
inside the contact. The model development considered a linear reduction in the wear 
behaviour with tribofilm growth and thus, the wear also reduces significantly over 
time. The tribofilm growth in the current simulation was very small compared to the 
wear of the substrate. So, the effect of the tribofilm was seen only during the initial 
running-in period. Moreover, the presence of overshoot which is linked to the removal 
of tribofilm is also changing the contact microgeometry during this initial transient 
period. 
In the current simulation set up, the yielding pressure for the steel substrate was taken 
as 6 GPa while the tribofilm yielding pressure was 2 GPa. The presence of roughness 
causes the contact pressures at certain points inside the contact to be even higher than 
6 GPa resulting in the yielding of the steel substrate. Therefore, the contact transits 
first through the steel yielding limit and then the maximum pressures inside the 
contact reduce to somewhere between 6 GPa and 2 GPa towards the end of the 
simulation. In a similar fashion, for full tribofilm coverage, the local wear coefficient 
is always less than the wear coefficient for bare steel-steel contact. In the current 
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simulation setup, no wear was assumed on the fluid lubricated regions as the starting 
lambda ratio was 0.04 which signifies strong boundary lubrication effects.  
IF hc is constant but lambda keeps decreasing, roughness must be increasing and this 
is true when the conventional mixed lubrication parameters are observed. A plot of 
𝜆𝑂𝐿𝐷 for two representative cases with the presence of tribofilm and the absence of 
tribofilm are plotted in Figure 6-8. The increase in roughness due to the tribofilm 
pushes the 𝜆𝑂𝐿𝐷 curve downwards to more severe contact conditions. This first of all 
means that the tribofilm roughens the contact and secondly the presence of tribofilm 
increases contact severity by reducing the lambda ratio. 
 
Figure 6-8: The effect of tribofilm growth on the conventional lambda ratio. The 
central film thickness value in this plot is a constant value based upon Dowson and 
Higginson formulation (equation (2-6)). 
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Figure 6-9: The effect of tribofilm growth on the Rq and Ra roughness values over 
time. The presence of tribofilm roughens the contact. 
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The mechanical properties of the contact, therefore, change the lubrication parameters 
significantly. The central film thickness and the λ ratio continuously decrease 
throughout the 2 hours simulation test, apart from the small peak observed in the first 
couple of minutes. The rate of decrease in both the cases is different which may be 
linked to the effect of reduction in roughness caused by wear. The central film 
thickness reaches a limiting value towards the end of simulation but the λ ratio keeps 
on decreasing with time and the rate of this decrease gradually becomes very small. 
The final gradient of this curve can be linked to the steady state wear of the substrate 
in the presence of the tribofilm. 
The results for the roughness evolution with time are presented in Figure 6-9. The 
results give a more stronger explanation of why the lambda ratio decreases. The 
roughness in the presence of tribofilm is considerably higher both for the smooth and 
rough counterparts. This roughening of contact is believed to increase the contact 
severity. But just looking at the roughness values through the contact does not give 
the true picture of happenings inside the contact. This is because the lambda ratio is 
the ratio of central film thickness to the composite roughness.  
The central film thickness is also very crucial in defining the contact performance. In 
Figure 6-8 , the central film thickness was fixed to the traditional values based on the 
Dowson and Higginson formulations. Thus, a plot of central film thickness values 
predicted by the developed tribochemical lubrication model is given in Figure 6-10. 
The film thickness values inside the contact changes dynamically through time and is 
sensitive to other simulation parameters. The sensitivity of the central film thickness 
to the presence of tribofilm can be clearly seen. 
The increase in roughness due to the tribochemical film growth may seem detrimental 
but this increase in roughness helps entrain more lubricant inside the contact. This 
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results in the development of a thicker lubricant film inside the rough contact. Thus 
the tribofilm growth helps to improve the performance of the contact by improving 
the lubricant film formation and entrainment within the contact. 
Thus, looking at these parameters individually does not give the complete picture of 
the contact performance. The key parameter connecting the roughness and the 
lubricant film thickness is the lambda ratio or the central film thickness ratio. 
Therefore the lambda ratio or more appropriately the central film thickness ratio is 
plotted and presented in Figure 6-11. The lambda ratio based upon the true, 
momentary values of central film thickness and composite roughness within the 
contact give an entirely different picture compared to that obtained based upon the 
Dowson and Higginson film thickness values (see Figure 6-8). 
 
Figure 6-10: The effect of tribofilm growth on the central film thickness. The central 
film thickness value is the average of the instantaneous film thickness values within 
the contact region. 
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The lambda ratio stays higher throughout the simulation highlighting the importance 
of the tribofilm in improving the lubrication performance. Higher values of the central 
film thickness ratio mean that the contact moves to less severe conditions. Thus, from 
all these results, it can be seen that the lubricant additive derived reaction layers, in 
general and the ZDDP tribofilm formation specifically does not only perform due to 
their chemical nature to form antiwear and sacrificial layers to reduce wear but the 
formation of ZDDP derived reaction layer also helps the lubrication phenomenon by 
entraining more lubricant. This fact has not been identified until now due to the 
inability of experiments to capture the mixed lubrication phenomenon and not having 
a complete model that incorporates lubrication, contact mechanics and tribochemistry 
in a single framework.  
 
Figure 6-11: The effect of tribofilm growth on the film thickness ratio. The results are 
plotted over time and the presence of tribofilm improves contact performance. 
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The trend observed in the contact area ratio is more interesting. The tribofilm growth 
and wear initially increase 𝐴𝑐 and then decrease it. This increase and decrease happens 
over an extended time of about 20 mins which is much higher. The tribofilm grows 
rapidly as soon as rubbing starts. As mentioned earlier, the tribofilm yields at a much 
lower pressure causing more area to come into contact. Then due to the removal of 
the tribofilm that is considered in our model, the contact area reduces gradually and 
keeps on reducing due to the smoothening of the higher asperities due to wear and 
plastic deformation as seen in Figure 6-6. 
A closer look at the contact area ratio 𝐴𝑐 and the contact load ratio 𝑊𝑐 suggests that 
𝑊𝑐 keeps on decreasing with time as the contact evolves. This hints towards the lower 
load carrying capacity of the tribofilm. The tribofilm formation increases the number 
of asperity contacts but due to it being softer, the contact load ratio keeps on 
decreasing. This is a very important outcome and is expected. The sole reason for 
using additive derived reaction layers is to minimize the yielding pressure to provide 
a shearing interface that performs under extreme conditions of load and environment. 
This reduction in load bearing capacity is not harmful as the tribofilm formation on 
the other hand reduces wear due to its lower coefficient of wear and a lower value of 
resulting maximum pressure. 
To date there has been no study directed at observing the effect of tribofilm growth 
on the contact lubrication behaviour. The only study that addresses the contact ratio 
and the effect of various parameters on the contact ratio is the work of Luo and Liu 
[197]. Figure 6-12 shows some key results from their work regarding the effect of 
polar additive in different base oils on the contact area ratio. They investigated the 
contact ratio using the relative optical interference intensity (ROII) technique. This 
method gives a vertical resolution of 0.5 nm and an in-plane resolution of 1 µm. They 
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investigated the effect of surface roughness, maximum Hertzian pressure and the 
combined elastic modulus on the contact ratio. The effect of viscosity and rolling 
speed was also considered and a threshold speed above which the effect of roughness 
is reversed was suggested. They used several base oils with different  viscosities to 
see the effect of viscosity on the area ratio. They also added polar additives to some 
of  the base oil. The results showed that the presence of polar additives tends to reduce 
the contact ratio as seen in  Figure 6-12. 
 
Figure 6-12: The effect of polar additives on the contact area ratio. Maximum Hertzian 
pressure is 0.292 GPa. (a) The effect of adding polar additive nonylic acid to 
Hexadecane. (b) The effect of adding polar additive nonylic acid to mineral oil [197]. 
Therefore, they concluded that the contact ratio (defined as 𝐴𝑐 in this thesis) reduces 
if polar additives are present. Simulation findings from the model developed in the 
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current study are in line with this experimental outcome (see Figure 6-6) as with the 
growth of tribofilm through time, the contact area ratio keeps decreasing. As this study 
is a first attempt at predicting these effects of tribofilm growth on the lubrication 
behaviour, more work needs to be done. Unfortunately, it was not possible to perform 
simulations to do a quantitative comparison with their results as the nature and type 
of the additive as well as the base oil were different. Moreover, they do their 
calculations for static contact and give no definition of what they mean by having a 
static contact. 
Thus, to address the issue completely and to understand the true impact of tribofilm 
on the contact parameters, two additional simulations were performed with two 
different scenarios. In the first set of simulations, no active additive was present in the 
lubricant. The second set of simulations was performed with ZDDP antiwear additive 
in the lubricant. Both the simulations are performed with everything the same except 
the presence or absence of tribofilm. This is to illustrate the capabilities of the model 
in predicting the interfacial behaviour. Some key results have been presented already 
in Figure 6-7, Figure 6-8, Figure 6-9, Figure 6-10 and Figure 6-11. In the following 
paragraphs, some more results are presented to study the effect of tribofilm growth on 
the contact area ratio and the contact load ratio by observing the effect of tribofilm on 
the key contact parameters affecting 𝐴𝑐 and 𝑊𝑐. 
First of all a comparison of roughness evolution for the smoother counterpart (ball) 
and the rougher counterpart (disc) is presented in Figure 6-13 to illustrate the 
comparative differences between each of the counterparts caused by the presence of 
tribofilm. In both the cases, the presence of tribofilm eventually roughens the contact. 
The slight differences can be linked to the differences in surface coverage of the 
tribofilm. The surface coverage for the ball reaches 100 % very quickly but for the 
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disc it takes much longer to reach full coverage. The slightly higher value of roughness 
in the Rq value of disc without tribofilm compared to that in the presence of tribofilm 
for the first 40 mins of the simulation may be due to the competition between tribofilm 
growth and wear. The tribofilm formation takes time to reach its steady state values 
and it may be that as soon as the average values of tribofilm formed and the wear 
become equal and the wear keeps increasing, the graphs crossover at or near to that 
point. But this requires more numerical and if possible experimental work to explore 
this fully and is left for future work. 
 
 
Figure 6-13: A comparison of the effect of tribofilm growth on the roughness 
evolution of the ball and disc. 
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Figure 6-14: The effect of tribofilm growth on the maximum instantaneous value of 
pressure. The pressures are non-dimensionalized with the Hertzian pressure and the 
results are plotted over time. 
The plot of the maximum nodal pressure with time is presented in Figure 6-14. The 
presence of the tribofilm seems to reduce wear and this eventually results in having 
asperities that are still high enough to cause pressures higher than the yielding 
pressure. This is why in the plot of maximum pressure, the maximum pressures stay 
higher and more steady throughout the simulation of two hours. This key feature once 
again has a crossover among the individual plots with and without the tribofilm at 
around 50 mins. This crossover point and the fact that the presence of tribofilm keeps 
the pressures higher is extremely important as experimental work suggests similar 
characteristics of the tribofilm that ultimately manifest as increased micropitting 
damage [198]. 
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Figure 6-15: The effect of tribofilm growth on the contact area ratio (Ac) and contact 
load ratio (Wc). The results are plotted over time and the magnitude of both Ac and 
Wc increase due to the tribofilm. 
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Finally, the contact area ratio, 𝐴𝑐 and the contact load ratio, 𝑊𝑐 are presented in Figure 
6-15. The presence of tribofilm on the contacting bodies increases both 𝐴𝑐 and 𝑊𝑐. 
Whether tribofilm is present or not, 𝐴𝑐 and 𝑊𝑐 keep decreasing as the contact 
geometries evolve through time due to wear, plastic deformation and tribofilm growth 
but in the presence of ZDDP lubricant additive, the tribofilm growth increases both 
these parameters. This is clearly due to the increase in roughness as this leads to more 
solid contact within the nominal contact zone. The increase in 𝑊𝑐 due to tribofilm 
growth is observed not only due to the increased number of solid asperity contacting 
nodes but also due to the sustained maximum pressure values as seen in Figure 6-14. 
It is important to mention that the above results are presented for one particular case 
and only those properties and trends have been presented which have some 
experimentally established basis. A more detailed study needs to be done to explore 
the general behaviour and interdependence of the contact parameters. This will be 
included in future recommendations. 
6.4 Summary 
A contact mechanics model was successfully developed to link lubrication science 
and contact mechanics with tribochemistry. The model captures the effect of ZDDP 
additive derived reaction film growth on the lubrication performance by simulating 
the most important lubrication parameters. A continuum scale model to describe 
atomic scale phenomena in an approximate manner is realized. 
A unified solution strategy was adopted to solve the mixed lubrication problem. 
Complete lubrication transition can be simulated and studied. Previous unified mixed 
lubrication models are lacking the presence and integration of tribochemistry. The 
current model fills the literature gap by providing such a model. This successfully 
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links the lubrication and contact mechanics with chemistry and enables the simulation 
of tribochemical effects. The term ‘interfacial mechanics’ best describes the model as 
it has the potential to give detailed information about the interfacial mechanics and 
tribochemistry and their mutual interaction. The localized details about contact 
pressures and tribofilm growth are obtained and simulations are conducted to see the 
behaviour of the contact when the tribofilm growth takes place. The model also 
enables the study of running-in behaviour as well demonstrated by the differences in 
the initial and the steady state values of contact parameters. 
The conventional terms like minimum film thickness, central film thickness, lambda 
ratio were redefined and some new terms were adopted to represent mixed lubrication 
results more precisely and to provide global comparison tools. An averaging 
procedure was adopted to take the values of properties as average from its local values 
within 
2
3
 times the Hertzian contact radius from centre of contact. This standardises 
the property values and enables comparison among different studies. 
The results for the central film thickness, lambda ratio, contact area ratio and contact 
load ratio give useful insights into the interaction between tribochemistry and 
lubrication. The presence of tribofilm provides a shearing plane for asperities to slide 
over each other with lower damage and wear. The mechanical properties of tribofilms 
play a critical role in modifying these lubrication parameters and thus lubrication 
performance. To elaborate the key outcomes from the results, two sets of simulations 
were performed and the results plotted to see the effect of tribofilm growth. The 
overall composite roughness increases due to the increase in roughness of both the 
counter parts due to presence of tribofilm increasing severity of contact. But on the 
other hand the tribofilm formation helps entrain more lubricant due to this roughening 
as seen by the increase in the central film thickness values. Thus, to see the overall 
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effect of tribofilm in modifying the lubrication performance the central film thickness 
ratios are plotted. A comparison in the presence and absence of tribofilm show that 
the overall effect of tribofilm is to improve lubrication by improving the central film 
thickness ratio. The effect of tribofilm in roughening the contact is observed and its 
beneficial effects in improving lubrication discussed. Thus, based upon the results in 
this chapter, it can be concluded that the tribofilm not only reduces wear by forming 
an antiwear tribofilm on the contacting surfaces but it also improves lubrication  
performance by helping entrain more lubricant into the contact. 
The ability of the tribofilm to sustain higher pressures in the contact compared to the 
case of no tribofilm suggests that the tribofilm formation might reduce mild wear but 
other phenomenon like micropitting might become active due to increased roughness 
and sustained high pressures. 
The experimental studies addressing the effect of tribofilm or in general contact 
parameters on the lubrication performance are very few. The contact load and contact 
area ratios were compared against experimental results but a simple comparison was 
not possible due to incomplete information in the experimental results. Thus, results 
for contact area and contact load ratio were presented to see the effect of tribofilm and 
the effect of tribofilm in increasing both these parameters was identified. 
The key idea in this chapter is to illustrate the ability of the developed model to address 
the mutual interaction between lubrication and tribochemistry. With these preliminary 
results, it can be seen that the role played by the tribofilm during the contact evolution, 
especially running-in stages is very important and it is expected to protect the contact 
and preserves its lubrication performance for longer times. But more work needs to 
be done to analyse the key concepts presented in this chapter and relate these to the 
actual experimental outcomes. 
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Chapter 7  
Predicting wear and wear track profiles 
This chapter presents the results on wear from the current model. The basic idea is to 
explore the applicability of the model to real experimental conditions and explore the 
capabilities of the system. The accuracy of predictions of the macroscopic wear of the 
system is tested and some microscopic features are extracted from the model results. 
The chapter starts with a general introduction to wear in section 7.1. Some key studies 
incorporating wear into tribochemical film growth modelling frameworks are 
discussed in section 7.2 with emphasis on incorporating the tribochemistry into wear 
modelling. The predictive studies on wear track profiles are very rare and a review is 
given in section 7.3. Then the wear model implemented in the current study is given 
and the results of wear prediction presented. First results are presented in the averaged 
form in section 7.5.1 and then the asperity based detailed deterministic information is 
taken out by presenting 2-D wear track profiles in section 7.5.2. Then the 3-D wear 
track results are presented for different slide to roll ratios in section 7.5.3 and enable 
easy identification of features of wear of the contact pair and help identify the system 
behaviour in the simplest form. 
7.1 Introduction 
Mechanical forces of sliding and rolling result in material removal. This material 
removal was defined as wear by Whitehouse and Archard [199]. Wear can either be 
mild or severe depending upon the severity of contact conditions. Generally in the 
absence of lubricant, severe wear conditions exist. It is possible to achieve mild wear 
conditions by controlling material properties, selecting suitable lubricant and by 
choosing appropriate operating conditions. Surface roughness plays a key role in 
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defining and driving this transition of wear from mild to severe regime [200] as it has 
been observed that the transition to severe wear is almost always accompanied by an 
increase in roughness of the contact pair [201, 202]. 
The wear is significantly higher during the running in process. The contacting 
asperities smoothen out soon and the wear reduces significantly. The wear process 
generally results in generation of wear particles. If these wear particles are hard, these 
will cause an increase in wear due to abrasion and if softer particles form, indentation 
of these particles might result in formation of transfer layer [203]. 
The wear phenomena can be divided into four fundamental types depending upon the 
way material is being removed: adhesive wear, abrasive wear, fatigue wear and 
tribocorrosive wear [204]. The adhesive wear occurs primarily under severe dry 
contact conditions where adhesive junctions formed asperity contacts are removed 
due to the relative movement of the contacting surfaces. Abrasive wear as shown in  
Figure 7-1 is the primary mode of wear when harder and softer surfaces interact. The 
harder surface abrades the softer one. This type of wear is called two body abrasion. 
The presence of hard wear particles between contacting bodies can also cause abrasive 
wear. This type of wear is called three body abrasion. Figure 7-2 shows these two 
modes of abrasive wear. 
Repeated cyclic loading can cause additional wear due to accumulation of stress inside 
the contacting materials and is called fatigue wear. This type of wear is accompanied 
by the formation of visible cracks inside the rubbing track. The cracks might be 
surface initiated or subsurface initiated and are progressive in nature. Whether surface 
or subsurface fatigue is observed depends upon the roughness of the contact pair. 
Lancaster [204] suggests that for lambda ratio much lower than unity, the formation 
of surface cracks is favoured while for lambda ratios typical of EHL conditions, the 
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formation of subsurface cracks is observed which finally grow to the surface. Fatigue 
wear is also called rolling contact fatigue. Spalling is the type of fatigue wear that is 
subsurface initiated.  
 
Figure 7-1: Various forms in which abrasive wear manifests itself [8]. 
 
Figure 7-2: Modes of abrasion. (Top) Two body abrasion. (Bottom) Three body 
abrasion [8]. 
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For hardened surfaces, the term subcase fatigue defines the wear phenomena. This is 
also called case crushing. If the cracks are surface initiated, the term pitting is used to 
describe the wear. Pitting failure has a very specific form, observed especially in ball 
bearings and related very strongly to the surface roughness, called micropitting. All 
these types of wear are characterized by crack formation and progress and are also 
called rolling contact fatigue wear. 
7.2 Wear prediction and its significance 
Wear is a complex phenomenon and its prediction is still a challenge in tribology. The 
literature on wear prediction is very broad and huge number of attempts at modelling 
wear are available as evidenced by over 300 equations developed to predict friction . 
It is still not possible to predict wear purely based upon the first principles. 
Archard’s wear model is one of the simplest and widely used model. This model has 
been applied to various contact and lubrication conditions. Some initial attempts at 
modelling wear by using the Archard’s wear model were primarily for dry contact and 
pure sliding conditions [205, 206] but more and more studies have emerged in the 
recent years especially to include the effect of lubrication [24] and tribochemistry 
[120]. The presence of tribofilm has significant effect on wear. The ZDDP is an 
antiwear additive and its tribofilm reduces wear. The mechanism by which it reduces 
wear are strongly related to its mechanical properties. 
The idea of considering the effect of tribofilm growth into the Archard’s wear model 
comes from the ability to relate the wear coefficient in the Archard’s equation to 
different experimental conditions [207, 208]. There has been several attempts to 
include the effect of tribochemistry into the Archard’s wear equation by considering 
the wear coefficient to be a function of film growth. As mentioned before, the first 
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attempt at successfully simulating wear in the presence of tribofilm is the work of 
Andersson et al. [22]. They simulated the effect of tribofilm in modifying the wear by 
only considering the change in mechanical properties due to the tribofilm and the 
Archard’s wear coefficient was only fitted to the data on wear of the system in the 
presence of tribofilm. Thus, this wear coefficient is different from the coefficient of 
wear in the absence of antiwear additive and is somehow giving a homogenized effect 
of tribofilm on wear coefficient. The coefficient of wear was assumed to be a fixed 
value which raised questions on the portability of their model results to different cases 
with different tribofilm behaviour. Ghanbarzadeh et al. [120] improved this wear 
model by incorporating the idea of having a variable wear coefficient that varies 
linearly from a maximum value for no tribofilm to a minimum value in the presence 
of the maximum tribofilm grown under given conditions. The idea of having different 
coefficients of wear was already invented but its variation with the growth of tribofilm 
enabled instantaneous observation of the wear behaviour. This model was validated 
against experimental results [175]. The wear of tribofilm is considered explicitly as 
the removal of tribofilm and is obtained by experimental fitting. 
In the current study, the approach the variable wear coefficient is used to model wear. 
The simulated wear is based upon the Archard’s wear equation that relates the wear 
volume to the material hardness, applied load and the sliding distance. 
 𝑊𝑣 = 𝐾 
𝐹𝑁
𝐻
 𝑆                                                     (7-1) 
This equation states that the wear volume, 𝑊𝑣 is proportional to the applied load, 𝐹𝑁 
and sliding distance, 𝑆 and is inversely proportional to the hardness of the material, 
𝐻. The proportionality constant, 𝐾 is called the Archard’s wear coefficient. It is 
obtained empirically and is related to the probability of a collision leading to removal 
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of material. The description of wear using equation (7-1) describes the macroscopic 
wear behaviour of the system. To apply it to the local asperity scale, the above 
equation is modified and expressed as the wear depth, ℎ. 
 ℎ = 𝐾 
𝑃
𝐻
 𝑆                                                 (7-2) 
or  
 
Δℎ
Δ𝑡
= 𝐾 
𝑃
𝐻
 𝜈                                                 (7-3) 
In equation (7-2) and equation (7-3), the local, microscopic variables are used. 𝑃 is 
the pressure at the asperity scale and the term 𝜈 is the sliding velocity of the contact 
pair. Thus, wear can be simulated over time with local information of the properties 
of the contact. 
7.2.1 Inclusion of tribochemistry 
The inclusion of tribochemistry into wear prediction has been the topic of interest in 
the recent years. The presence of different additives in the lubricant can affect the 
wear. The formation of reaction layers due to these additives, especially ZDDP 
reduces wear. It is very important to understand the effect of these additives in 
modifying wear. Several hypothesis exist and the main reason for the reduction of 
wear due the antiwear action of ZDDP has been attributed to the formation of a 
tenacious chemical layer on the surfaces of contacting bodies. The decrease in wear 
can be due to a reduction in pressure, asperity failure or the crack formation processes 
etc. It was suggested in the previous chapter that the presence of tribofilm reduces 
contact severity by allowing more lubricant to entrain the contact and therefore may 
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cause a reduction in wear. It was suggested by Spikes [85] that the formation of 
tribofilm reduces wear in one of the three ways: 
 Preventing direct asperity-asperity contact by providing a barrier between the 
contacting bodies. Thus, adhesive wear can be significantly avoided. 
 The process of formation of ZDDP tribofilm can digest the abrasive iron oxide 
particles, ultimately reducing the abrasive wear as well. 
 The ZDDP undergoes several chemical processes at the interface and one of 
the mechanisms by which it can reduce friction is by inhibiting corrosive 
interactions in metallic systems by reacting with peroxides. 
 In the current study, another mechanism by which ZDDP reduces wear in mixed 
lubricated contacts is by improving contact severity. The roughening of the contact 
allows more lubricant to be entrained inside the contact and subsequently reduce wear. 
The tribochemical interactions can be included into the Archard’s equation by 
devising a wear coefficient that can accommodate spatial and temporal variations. A 
wear coefficient sensitive to the tribochemical interactions should be able to 
accommodate the change of mechanical properties with tribofilm formation and wear. 
To simulate this effect, two wear coefficient values are chosen and fixed. A higher 
value of wear coefficient, representative of the case where no tribofilm is present and 
a lower value of wear coefficient, representative of the case where the maximum 
tribofilm has formed. The variation of the wear coefficient between these two 
extremes is assumed linear as a starting point. Thus, with tribofilm growth the wear 
coefficient reduces from one extreme value to the other with tribofilm growth. 
The simulation starts with the high value of wear coefficient and the wear coefficient 
reduces linearly (from the highest value for “no tribofilm” to the minimum value for 
the maximum tribofilm thickness) as soon as the tribofilm starts to grow on each 
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surface. The wear coefficient has a local instantaneous value for every node. If an 
average value over the rubbing track is calculated for every time step then this average 
value will reduce and reach a steady value towards the end of simulation. 
7.3 Attempts at modelling and predicting wear tracks 
The simulation of wear in a numerical framework is a relatively new concept. The 
integration of wear simulation into a boundary solver was done first by Andersson et 
al. [22]. They developed an approximate method to simulate wear both in the presence 
and absence of tribofilm. The tribofilm growth only alters the value of wear coefficient 
that they fit to the experimental data but the wear coefficient has a single value that is 
fixed. They have developed some wear plots over time for the wear on ball and they 
have been successful in predicting the qualitative trends in wear. Although the profiles 
they predicted were very idealized with no deterministic information. The second 
important parameter missing from their work is the presence of lubricant. They 
simulate a dry contact and the dry contact does not give a complete picture of the 
happenings inside the contact. With wear the contact parameters change and the effect 
of lubricant becomes important as seen in the previous chapter. 
The current simulation set up gives the flexibility to access larger areas in the range 
of millimetres. Due to the fact that the equations have been formulated in non-
dimensionalized form, a compromise between grid size and the accessible areas is 
possible. If the phenomena under observation does not require refined grids, then even 
larger areas area accessible. In the simulation results presented in chapter 5 and 
chapter 6, the areas under observation were ≈ 0.5 mm by 0.5 mm. 
Thus, it is possible to simulate the wear track profiles. Even the distribution of 
tribofilm and the relative importance of wear and tribofilm removal at distinct parts 
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of the contact region can be identified. A comparison of wear track profiles in the 
presence and absence of the tribofilm can be identified and simulated 
deterministically. It is to be noted that this deterministic information may not be exact 
but it can help identify the key lubrication and wear processes occurring within the 
contact under different contact configurations and operating conditions. Thus, a tool 
able to help easy identification of contact performance is devised. 
7.4 Operating and numerical parameters 
The results are presented in the following sections by varying the slide to roll ratios 
from -10 % to 10 %. The ball and disc are assumed to be made up of steel 52100. The 
roughness, Ra of the ball and disc is 20 nm and 100 nm, respectively. The ball has a 
diameter of 20 mm and the wear track radius is 39 mm (see Figure 6-3 for the 
definition of wear track). A rolling sliding contact is assumed with rolling speed / 
entrainment speed, Ur = 0.25 m/s. The applied pressure is 1.26 GPa and the fitted 
tribofilm growth parameters are taken from Ghanbarzadeh et al. [120]. The values of 
hmax, xtribo, C1 and C2 are 176 nm, 4.13𝑥10−16, 0.1125 and 0.0006799, respectively. 
The wear coefficient values are Kmax = 10−5 and Kmin = 10−6. 
The simulations are run for different slide to roll ratios by moving the matrices of 
surface height information at relative speeds. The results for the tribofilm growth for 
these contact operating and numerical parameters were presented in chapter 5 and in 
this chapter mainly the results for the tribochemical wear are presented.  
7.5 Results and discussion 
The wear is generally reported as a mean value of material height removed inside the 
rubbing track. This approach is very well established and even numerical results are 
presented in this format. In this study, the aim is to go one step ahead and observe the 
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validity of the Archard’s wear model in real systems and to what extent Archard’s 
wear model can give accurate results. 
7.5.1 Mean wear depth 
The first set of results are presented for the average wear depth for the ball and disc 
surface. Figure 7-3 gives the mean wear depth for the smoother ball surface and the 
mean wear on the disc is presented in Figure 7-4. 
A close examination of both the figures shows that the ball undergoes almost 4 times 
higher wear compared to that on disc. This is because the ball undergoes many more 
loading cycles for the complete duration of the simulation experiment. The positive 
and negative SRR values have different effect on the wear performance. The ball is 
moving faster for positive slide to roll ratios and the effect of positive slide to roll ratio 
on wear behaviour can be precisely identified as seen in part (a) of Figure 7-3. For the 
negative slide to roll ratios where the ball is moving slower than the disc, the wear 
behaviour for different SRR values is not clearly identifiable from the mean wear 
depth plots as shown in part (b) of Figure 7-4.  
The dependence of wear on SRR for the disc is the same but some differences can be 
observed. Whether the SRR is positive where the disc is moving slower or SRR is 
negative where the disc is moving faster, the differences in the wear behaviour of discs 
with variations in SRR is not very clear. For positive SRR values, during the first hour 
of the simulation, a difference in the wear behaviour with SRR can be observed with 
higher SRR values corresponding to higher wear but all the average values merge in 
a narrow band of values with no specific correlation towards the end of 2 hours 
simulation test. The disc is moving faster and dominating contact wear characteristics 
for negative SRR values and thus, the SRR correlates with the wear behaviour with 
more negative values corresponding to higher wear.   
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Figure 7-3: Mean wear depth on the ball surface calculated from the current model 
over time. The legends are the SRR values. (a) positive SRR. (b) negative SRR  
It is to be noted that the wear model used is a simplified representation of the complex 
phenomenon happening at the interface, the differences in the values of disc wear for 
different slide to roll ratios is not considered important. The results for the wear on 
ball for the positive SRR values give an indication about the effect of SRR on wear 
i.e. higher SRR values mean higher wear. The same qualitative conclusion can be 
(a) 
(b) 
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reached by looking at the disc wear values for the negative SRR values where higher 
slide to roll ratios give more wear.  
 
Figure 7-4: Mean wear depth on the disc surface calculated from the current model 
over time. The legends are the SRR values. (a) positive SRR. (b) negative SRR 
Another important point to be noted from the results presented in Figure 7-3 and 
Figure 7-4 is that the features present in the plots of average wear depth are prominent 
if the ball moves much faster compared to the disc. Thus, contrary to the existing 
(a) 
(b) 
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approach where sliding is considered the main parameter affecting wear, the relative 
speeds of both surfaces is also very important. From these average wear plots, it can 
be seen that the difference in wear is not only because of sliding but the number of 
times the rough and smooth surface passes through the contact is also important. Thus, 
the movement of the rough surface through the contact is controlling the wear and 
contact performance. This will be discussed in more detail in the next section with 
deterministic local details to justify this hypothesis. 
7.5.2 Wear track and worn surface profiles (2-D) 
It was seen in the last section that the average wear depth despite being very useful in 
giving macroscopic properties of the contact lacks the ability to identify the wear 
performance of the contacting counterparts. Therefore, in this section the results for 
the final worn profiles of the ball and disc are plotted to see if these can help to identify 
the wear behaviour. 
The wear profiles on the ball are plotted in Figure 7-5. These profiles are taken at the 
cross-section of the contact (at Y=0) and are representative of the wear that has taken 
place during the 2 hour simulation test. The plots indicate very clearly that the ball 
surface wear increases with increase in the SRR value. Thus the case of SRR = -10 % 
gives the lowest wear and the case of SRR of +10% gives the most wear as indicated 
by the worn surface profiles in Figure 7-5. This figure indicates that not only the 
amount of wear increases but the wear track width and profile also change. Thus when 
the wear is under consideration, the increase in the speed of the ball within the contact 
can be related to the wear on the ball. For the SRR of -10%, the ball has the lowest 
speed of movement among the SRR values discussed and the wear is lowest. When 
the speed of the ball is the highest, the wear is also highest. This correlation is also 
valid when considering intermediate values of SRR. 
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Figure 7-5: The profile of wear on the surface of ball for different SRR values. The 
plots present values for the worn geometry at the cross-section in the middle of 
contact at Y=0. 
A plot of the actual worn surface of the ball is presented in Figure 7-6. The results are 
presented for different values of SRR and the original undeformed starting profile of 
the ball is also given for reference. A significant amount of material is removed during 
this 2 hour simulation test and the original ball curvature also changes. Once again the 
wear is lowest for the SRR of -10 % and is highest for the SRR of +10 % correlating 
with the speed of the ball. The difference in the amount of wear between these two 
representative SRR values is almost 250 nm at the middle of the contact. The model 
strength in capturing the differences in the wear rate can be readily seen by observing 
the fact that the wear profiles in Figure 7-5 and the actual ball geometry plots in Figure 
7-6 for the intermediate SRR values all lie in between the minimum wear value given 
by SRR = -10% and the maximum wear value given by +10 %. The x-axis in both the 
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figures are in micrometres and thus, it can be seen that the contact width increases in 
the order of micrometres among different SRR values used.  
 
Figure 7-6: The profile of actual worn geometry of the surface of ball for different 
SRR values. The plots present values for the worn geometry at the cross-section in 
the middle of contact at Y=0. 
Next, the worn surface profiles on the disc surface are observed as shown in Figure 
7-7. The disc surface (Ra = 100 nm) is much rougher than the ball surface (Ra = 10 
nm). Thus, a quick look at the worn disc profiles suggests that by comparing the 
roughness at the edges and the central region, the surface roughness of the disc has 
decreased significantly. It is not possible to extract a correlation in the data by simply 
looking at these worn disc surface profiles. It is seen that the data definitely shows 
that by varying the SRR values, the disc surface undergoes different wear not only in 
terms of quantitative wear volume but the qualitative wear profile is different as well 
for different values of SRR. The difference in the final roughness of the disc is also 
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seen in Figure 7-7. The differences in the wear track width can also be seen by 
observing that the point at which the roughness at the edges of the wear track and 
inside the middle of the wear track starts to differ is different for SRR values.  
 
Figure 7-7: The profile of wear on the surface of disc for different SRR values. The 
plots present values for the worn geometry at the cross-section in the middle of 
contact at Y=0. 
Thus, the 2-D wear track profiles for the ball and disc give very useful information 
about the wear performance of the contact. The contact configuration with the best 
and worst performance can be identified easily for the ball but in the current 
configuration it is not possible to identify differences in wear for different SRR values 
for the disc. To represent the results of wear to a wider audience, the 3-D wear plots 
are also presented with arrows indicating the increasing the increase in performance 
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of the contact. The wear of the system has been taken as the parameter to identify the 
performance of the contact. 
7.5.3 Wear track profiles (3-D) 
The 3-D wear track profiles are plotted by taking a snapshot of the top view of the 
contact at the end of the 2 hour simulation. The 3-D wear profiles are plotted for the 
ball in Figure 7-8. The darkness of the red colour correlates to more wear and in the 
final part in the bottom right of the figure, the white colour in the middle of the wear 
track corresponds to the worst case with the most wear. The arrows have been drawn 
in the plots to show the direction of increasing wear and decreasing performance of 
the contact. The contact performance can be readily identified. It can be seen that the 
wear is lowest for the SRR of -10 % and increases as the SRR is changed to +10 %. 
Similar behaviour was observed with the 2-D plots as well (see Figure 7-5 and Figure 
7-6) but with 3-D plots, it is even possible to address public and non-specialist 
audience. The wear in the case of ball again correlates with the speed of the ball. The 
faster the ball moves through the contact, the more the loading cycles that it undergoes 
and subsequently more wear occurs. Thus shear is not the only parameter that affects 
wear and to address the topic in more detail, further work needs to be done. 
The wear on the disc is expected to show similar characteristics and certain trends in 
wear behaviour with SRR. The 3-D wear profiles have been drawn for the disc in 
Figure 7-9. The amount of blue and green colour corresponds to the amount of wear. 
It is difficult to identify a pattern in the wear behaviour of the disc but a close 
examination clarifies that the disc undergoes more wear in the case of positive SRR 
values compared to the negative SRR values. This can be seen by comparing the 
results of wear for respective positive and negative SRR values with similar 
magnitude of SRR. It is easy to identify this behaviour for the smaller values of SRR 
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= ± 0.5 % and SRR = ± 2.0 % but for the higher values of SRR considered (SRR = 
± 5%,±10 %), it is difficult to identify whether positive or negative SRR values give 
better wear performance. Thus, these results indicate that the wear for a tribopair with 
different magnitudes of roughness in general correlates with the speed of the 
individual contact pair. An examination of the corresponding 2-D wear tracks on the 
disc show that for higher values of SRR, wear on the disc is approximately the same 
for both positive and negative SRR values but the wear track width is different. Thus, 
to address the topic more work needs to be done to analyse more parameters and 
perform a parametric study. As this chapter is mainly to address the strengths and 
capabilities of the modelling framework that was developed, so, a comprehensive 
study to deal with this topic of wear will follow as a future work. 
7.6 Summary 
This chapter presented the results on wear of the tribological setup for a ball-on-disc 
configuration simulated by the tribochemical mixed lubrication model developed in 
the current study for different values of SRR. The weakness of the average wear depth 
results in giving detailed information of the events happening at the contact is 
identified and the 2-D and 3-D wear track profiles are developed and plotted. It is 
relatively easy to identify the correlations in wear of the system with these resolved 
plots. 
It was observed that the wear on the ball and disc wear exhibit similar characteristics. 
The wear was found to generally correlate very well with the speed of the ball or disc 
respectively. With increase in the slide to roll ratio moving from -10 % to +10 %, the 
wear on the ball increases but for the disc it was difficult to extract a pattern but the 
wear was found to increase by moving from negative to positive SRR values with 
corresponding magnitude. 
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The idea in this chapter is to present the capability of the model in producing wear 
results and its ability to identify different wear characteristics by varying parameters. 
It was identified that these results were not sufficient and more work needs to be done 
to generalize the outcomes of the current study on wear and explore this topic further. 
- 221 - 
 
S
R
R
 
+
0
.5
 
%
 
S
R
R
 
+
2
.0
 
%
 
S
R
R
 
+
5
 
%
 
S
R
R
 
+
1
0
.0
 
%
 
S
R
R
 
-0
.5
 
%
 
S
R
R
 
-2
.0
 
%
 
S
R
R
 
-5
 
%
 
S
R
R
 
-1
0
.0
 
%
 
Figure 7-8: 3-D wear track profiles on the ball. Arrows indicate increase in wear.  
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Figure 7-9: 3-D wear track profiles on the Disc. Arrows indicate increase in wear. 
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Chapter 8  
Conclusion and Future Outlook 
In this chapter the main conclusions reached by the current study are outlined. First a 
summary of the key developments is given and then the general conclusions are 
drawn. The final section presents the main directions in which this study can be 
extended.  
8.1 Summary of key developments and advances achieved 
A realistic model to incorporate tribochemistry in the mixed lubrication regime is 
developed. A robust solver was designed to solve the mixed lubrication problem and 
has been tested to simulate the entire transition from full film to boundary lubrication. 
Fast Fourier Transforms were used to solve the convolution of the deformation 
algorithm. The use of FFTs resolved the issue of numerical scaling of the EHL / ML 
results and enabled simulations over larger area and finer grids. A numerical algorithm 
was developed to simulate elastic perfectly plastic conditions and was integrated into 
the mixed lubrication solver. Thus, more realistic contact conditions can be simulated. 
The plastic deformation was designed to give minimum increase in computational 
burden and to simulation of plastic deformation irrespective of whether the contact is 
fluid or solid contact point. The mechanical properties of the tribofilm are considered 
in the model by using the variable hardness model. The hardness of the tribofilm 
changes with the thickness of the tribofilm.  
The model captures the multi-physics behaviour inside the contact, linking the 
lubrication analysis to contact mechanics and tribochemistry. The mixed lubrication 
model can simulate the mixed contact condition and the tribofilm growth on the 
contacting asperities can be locally analysed. The model is able to capture the dynamic 
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growth and removal of the tribofilm and the wear of the substrate. The model is 
capable of not only simulating the tribofilm growth under different lubricating 
conditions but enables the study of mutual interactions between lubricant film 
formation and the tribofilm formation. 
The wear of the tribological system was modelled using the Archard’s wear equation 
and the model was tested to to check its capability in predicting not only the average 
wear but the detailed 2-D and 3-D wear tracks were also predicted and correlations 
were outlined. The ability of the model to produce 3-D wear tracks within the 
limitations of Archard’s wear model was tested. 
The key capabilities of the model have been outlined below 
 The entire transition from full film lubrication down to boundary and dry 
contact conditions. 
 Parametric analysis of lubrication transition can be performed. 
 The tribofilm growth can be simulated on realistic timescales with different 
values of starting (conventional) 𝜆 ratios. 
 The effect of different contact parameters on the  tribofilm growth behaviour 
can be studied. 
 The effect of tribofilm growth on the contact operating parameters can be 
performed. 
 The model can be adapted to most experimental configurations and the most 
common configuration of a ball-on-disc has been presented. 
 The plastic deformation can be simulated without actual asperity contact 
conditions. Thus allowing simulation of plastic yielding caused by fluid 
pressures as well. 
 A detailed study of the relative contribution of plastic deformation, wear and 
tribofilm growth can be performed and their mutual effects studied. 
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 The simulations can be performed in time and the realtime evolution of not 
only the average parameters is possible but the evolution of the actual surface 
profiles is possible. 
 The model is capable of producing 2-D and 3-D wear track profiles. The 
behaviour observed from the average wear depth profiles does not give 
complete information about the wear of the tribosystem. The wear track 
profiles give detailed information about the wear and its causes and 
correlations in the wear behaviour can be easily identified. 
8.2 General conclusion and discussion 
A robust solver was developed based upon the line by line TDMA algorithm and 
advanced concepts like the semi-system approach and the unified solution algorithm 
were implemented. The deformation convolution was solved using the highly 
optimized fftw library to speed up the calculation process. The numerical grid 
justification was given and the results from the model compared against the published 
simulation results. The model was used to simulate the transition of lubrication by 
starting with a higher speed and reducing the speed in steps. The central film thickness 
and contact area ratios were measured for every speed. The transition speeds for full 
film to mixed and mixed to boundary / dry conditions could be easily identified. The 
contact area and contact load ratios were simulated and linked to lubrication transition. 
The variation of these parameters with rolling speed presented a Stribeck type 
behaviour. 
The plastoelastohydrodynamic lubrication model was validated against experimental 
results and the effect of geometry update due to wear and plastic deformation was 
simulated and the differences that this update procedure has on the lubricant film 
thickness and pressure profiles was discussed. The elastic perfectly plastic 
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deformation successfully produces the differences in pressure film thickness profiles. 
The film thickness profile is flattened in the middle of the contact while the film 
thickness constriction at the exit of the contact region becomes deeper due to plastic 
deformation and the depth of this constriction increases further with geometry update. 
This topic was not further explored as this was not the main topic of this thesis but is 
left for future exploration.  
The tribofilm growth inside a mixed lubricated contact was simulated by scaling down 
the experimental geometries. The experimental time scales were simulated by 
matching the loading cycles that the individual ball and disc undergo in a real 
experiment. The mean tribofilm growth values obtained from the current model 
capture realistic experimental observations as evidenced by the match of tribofilm 
growth values from the model against the experimental tribofilm growth results. The 
tribofilm grows in a patchy fashion and small patches coalesce to form bigger patches 
as the tribofilm growth process continues. The model also captures the overshoot in 
the tribofilm mean values which has been observed experimentally as well. This 
overshoot is linked to the removal and coverage of the tribofilm and  has been included 
in the tribofilm growth model within the overall model. The complete flowchart for 
simulating the tribofilm growth was given and the model was implemented in a quasi-
static mode. The tribofilm removal is linked to the durability of the tribofilm. The 
tribochemical film growth model used in the current mixed lubrication modelling 
study was originally developed and used in a dry contact model. Thus, the predicted 
tribofilm mean thickness values from the current study are comparatively lower. But 
the model captures all the qualitative features like the overshoot and a mean limiting 
value of tribofilm thickness, very efficiently. The effect of SRR value on the tribofilm 
growth is also well reproduced. 
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The tribofilm growth and removal and the wear of the substrate along with the plastic 
deformation modify the lubrication behaviour. This was studied for the first time and 
the effect of tribofilm growth on the key parameters defining the lubrication 
performance was studied. First the combined effect of geometry update due to wear, 
plastic deformation and tribofilm growth on the central film thickness, lambda ratio, 
contact area ratio and contact load ratio was studied over time. Then simulations were 
performed to study the effect tribofilm growth on the contact performance. A 
comparison of the conventional and modified parameters was also performed and the 
weakness of the conventional definitions of the central film thickness and the lambda 
ratio was highlighted. The effect of tribofilm growth on the central film thickness, 
lambda ratio, roughness evolution contact area ratio, contact load ratio and the 
maximum local instantaneous pressure was presented. The growth of tribofilm 
roughens the contact. The contact area and contact load ratios also increase due to 
growth of tribofilm. This might seem detrimental in the beginning but the increase in 
roughness enables more lubricant entrapment and therefore the central film thickness 
also increases due to tribofilm growth and is expected to improve lubrication 
performance. Thus, a final plot of the film thickness ratio gives the complete picture. 
The tribofilm growth increases the lambda ratio and improves lubrication regime. The 
effect of central film thickness improvement is stronger compared to the detrimental 
effect of increase in roughness due to tribofilm growth. The antiwear action of ZDDP 
tribofilm is not only due to the reaction layer formation but the physical growth of 
tribofilm results in increase of lambda ratio and thus improves lubrication and reduces 
wear. 
The wear of the tribosystem in the current work was modelled by modifying the 
Archard’s wear equation. The wear in a tribochemically active system depends on the 
reaction layer formation. Thus, the wear model was implemented to consider the 
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effect of antiwear behaviour of ZDDP. The wear coefficient for the tribofilm was 
considered 10 times less than the wear of steel-steel contacts. The antiwear character 
can be successfully observed and predicted by the current model. The wear was found 
to affect tribofilm growth and vice versa. The more the growth of tribofilm, the less 
the wear and the more the wear the less the tribofilm growth. The wear modelled is 
the wear of the substrate in the presence of tribofilm and is referred to as mild wear. 
A comparison of the average wear depth results shows that the wear on the ball 
increases with increasing speed of the ball as the number of loading cycles increases 
with increasing speed of the ball. This trend was more clear when the 2-D and 3-D 
wear tracks were plotted. For the disc it was not possible to identify a correlation like 
this but it was found that the wear is generally greater for the negative SRR values 
than for the positive SRR values. For the positive SRR values, the disc is moving 
slower and the disc moves faster for negative SRR values. Thus, it can be inferred that 
the speed of the counterpart motion inside the contact is related its wear. Another 
important results that can be concluded from the wear results is that the complex 
interaction between the roughness, wear, plastic deformation and tribofilm growth 
necessitates further investigation into this wear behaviour and further work needs to 
be done.    
8.3 Future work 
The developed model provides a platform for further development. The difficulties 
associated with the experimental study of mixed lubrication demand that the models 
to describe mixed lubrication phenomenon are actively developed. Therefore, the 
model needs refinements and additions to ultimately achieve a lubrication solver that 
can be used directly in industries: 
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 The modelling of friction in the mixed lubrication condition. The mixed 
friction is the sum of solid contact friction, the lubricant shear and the reaction 
layer friction. These key concepts need to be modelled to simulate friction. 
 The inclusion of the variable elastic modulus in defining the mechanical 
properties is required. The contact area ratio controls the friction 
characteristics and is directly related to the modulus. 
 The interaction between the time scales in the Reynolds equation and the 
quasi-static time scale. 
 A parametric study on the effect of various contact parameters on the contact 
area and contact load ratios. 
 Models to include  fatigue failure of the tribocontacts in this mixed lubrication 
conditions. The presence of ZDDP additive increases the surface fatigue 
phenomenon, called micropitting significantly. 
 The inclusion of oxide layer through the oxide layer growth model. This can 
be done by describing the oxide layer as a competing Arrhenius type 
phenomenon and simulating the dynamic contact characteristics. 
 The simulation of the effect of electric double layer during electro active 
chemical interactions at the interface.  
 A proper temperature calculation procedure to simulate the entire temperature 
distribution inside the mixed lubricated contact should be implemented rather 
than fixing the temperatures. 
 A proper temperature calculation procedure based upon the real time heat 
partition functions. This will give the dynamic heat transfer characteristics of 
the contact. 
- 230 - 
 The calculation of sub surface stresses to access the material failure from a 
more fundamental point of view. 
 A complete analysis to capture the removal behaviour of the tribofilm. The 
removal of the tribofilm has been observed to occur preferentially at the edges 
of the wear track but to draw some conclusion, more work needs to be done. 
 The current tribofilm growth model is not clearly including the effect of shear. 
To prove the idea of shear based growth of tribofilm, some simulations need 
to be done in the full film condition with thicker lubricants to create more 
friction. 
 The integration of different tribofilm growth models to get a generalized 
tribofilm growth model that considers the growth of tribofilm due to all 
possible driving factors.    
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